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ON THE BERTINI REGULARITY THEOREM FOR ARITHMETIC VARIETIES
XIAOZONG WANG
Abstract. Let X be a regular projective arithmetic variety equipped with an ample hermitian line
bundle L. We prove that the proportion of global sections σ with ‖σ‖
∞
< 1 of L
⊗d
whose divisor does
not have a singular point on the fiber Xp over any prime p < eεd tends to ζX (1 + dimX )
−1 as d→∞.
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1. Introduction
The main result of this article is Theorem 1.4.
1.1. The Bertini smoothness theorem over finite fields. LetX be a smooth quasi-projective variety
of dimension m over an infinite field k. The classical Bertini theorem states that for any embedding of
X into some projective space Pnk , the intersection of X with a general hyperplane of P
n
k is smooth of
dimension m − 1. Here general means that the set of hyperplanes satisfying this property is the set of
k-points of an open subscheme of the dual projective space (Pnk )
∨ of Pnk . Since k is an infinite field, such
an open subscheme always contains infinitely many k-points, which means that we have infinitely many
hyperplanes whose intersection with X is smooth of dimension m − 1. Such an open subscheme of the
dual projective space exists for any field k (not necessarily infinite), but the fact that k is an infinite
field guarantees that this open subscheme has k-points. We have similar theorems on reducedness,
irreducibility, connectedness, etc. A good reference for these results is [Jo83].
When k is a finite field, this theorem still gives us an open subscheme of (Pnk )
∨ parametrizing hyper-
planes with smooth intersection with X , but may fail to give a such hyperplane as the open subscheme
may have no k-point. In [Po04], B. Poonen proved that we can still find hypersurfaces of sufficiently high
degree whose intersection with X is smooth of dimension m− 1. In fact, what he proved is that the set
of hypersurfaces with smooth intersection has a density in the following sense:
Theorem 1.1 (Poonen, Theorem 1.1 of [Po04]). Let X be a smooth subscheme of Pnk of dimension m.
We have
lim
d→∞
#{σ ∈ H0(Pnk ,O(d)) ; divσ ∩X is smooth of dimension m− 1}
#H0(Pnk ,O(d))
= ζX(m+ 1)
−1 > 0,
where ζX is the zeta function of X
ζX(s) =
∏
x∈|X|
(1− q−s degx)−1.
If we take X to be projective, the theorem is equivalent to the statement that for a very ample line
bundle L on X , we have
lim
d→∞
#{σ ∈ H0(X,L⊗d) ; divσ is smooth of dimension m− 1}
#H0(X,L⊗d) = ζX(m+ 1)
−1.
1
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In fact, this theorem also holds if we assume that the line bundle L is only ample. See the Appendix for
a proof.
1.2. Bertini theorem for arithmetic varieties. Let X be an arithmetic variety, i.e. an integral
separated scheme which is flat of finite type over Spec Z. In the arithmetic case, we are also interested
in an analoguous version of Bertini smoothness theorem as in the finite field case. For an ample line
bundle L on a projective arithmetic variety X which is smooth over Spec Z, we want to define a good
density for a subset P ⊂ ⋃d≥0H0(X ,L⊗d) so that the density of sections σ ∈ ⋃d≥0H0(X ,L⊗d) whose
divisor is smooth is positive. This will imply the existence of global sections σ with smooth divisor divσ
for sufficiently large d. But as B. Poonen explained in [Po04, Section 5.7], smoothness condition is too
strong. We need to consider regularity rather than smoothness in order to get a potentially positive
density.
Recall that X is regular at a closed point x if we have
dimκ(x)
mX ,x
m2X ,x
= dimX ,
where mX ,x is the maximal ideal of the stalk OX ,x of the structure sheaf of scheme X on x and dimX is
the dimension of X as a scheme; X is singular at x if it is not regular at x. If X is regular at all closed
points of X it is called regular. It is singular if not regular. If X is singular at x, we say that x is a
singular point of X .
We can find at least two approaches for a good density in our setting : one is the density defined by
Poonen in [Po04] for a subset of
⋃
d≥0H
0(PnZ,O(d)), and the other is the density defined by Bhargava,
Shankar and Wang for a subset of the set of monic integer polynomials of one variable.
In Section 5 of [Po04], Poonen established a density for O(1) on the projective space PnZ. Let P =⋃
d≥0Pd be a subset of
⋃
d≥0H
0(PnZ ,O(d)), where Pd ⊂ H0(PnZ,O(d)). For any d, we have a natural
Z-basis of H0(PnZ,O(d)) which is composed of all monomials of degree d. For simplicity of notations we
note them by fd,1, . . . , fd,hd where hd = h
0(PnQ,O(d)). Any section f ∈ H0(PnZ,O(d)) can be written as
f =
∑hd
i=1 aifd,i with ai ∈ Z. Poonen defines the upper density of Pd as
µP,d(P) = max
τ∈Shd
lim sup
Bτ(1)→∞
· · · lim sup
Bτ(hd)→∞
#
(
Pd ∩ {
∑hd
i=1 aifd,i ∈ H0(PnZ,O(d)) ; |ai| ≤ Bi, ∀i}
)
#{∑hdi=1 aifd,i ∈ H0(PnZ,O(d)) ; |ai| ≤ Bi, ∀i} .
Here Shd is the symmetric group of hd symbols. The upper density of P is then defined by
µP(P) = lim sup
d→∞
µP,d(Pd).
The lower density of P is defined similarly and the density of P exists if its upper and lower density
coincide. Using this density, Poonen proved the following theorem:
Theorem 1.2 (Poonen, Theorem 5.1 of [Po04]). When X is a regular subscheme of dimension m of PnZ,
assuming the abc conjecture and a supplementary conjecture which holds at least when X is projective,
the density of {f ∈ ⋃d≥0H0(PnZ,O(d))} such that div f ∩X is regular of dimension m−1 is ζX (m+1)−1.
Remark. In Poonen’s proof, the abc conjecture is used to show that for any fixed d, the upper density
of global sections whose divisor has a singular point on a fiber over a prime number p ≥M with M > 0
tends to 0 when M tends to infinity. The proof of this follows the idea of A. Granville in [Gr98] that for a
polynomial f(x) ∈ Z[x] we can get an asymptotic control of the prime squarefactors of f(n) by the norm
of n ∈ Z. Poonen generalized this idea to the case of homogeneous multivariable polynomials in [Po03].
Essentially, in each degree d, we get the density µd by taking the limit of coefficients one by one. The
action of symmetric group adds the condition that the sequence of coefficients can be arbitrary. This
theorem permits us to find global sections f ∈ H0(PnZ,O(d)) such that div f ∩ X is regular of dimension
m− 1 for sufficiently high d.
In [BSW16], Bhargava, Shankar and Wang considered monic integer polynomials of one variable f(x) =
xd + a1x
d−1 + · · ·+ ad ∈ V mond (Z) such that Z[x]/(f(x)) is the ring of integers of the field Q[x]/(f(x)).
This condition means exactly that when we homogenize f to the global section
F (X,Y ) = Xd + a1X
d−1Y + · · ·+ adY d ∈ H0(P1Z,O(d)),
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divF is a regular divisor of P1Z. Indeed, the coefficient of X
d in F (X,Y ) guaranties that the intersection of
divF with the infinity divisor∞Z = divY is empty, so divF is contained in the affine spaceA1Z = P1Z−divY .
Then we can identify divF with divf with f as above, and divF ≃ Spec Z[x]/(f(x)). Note that the scheme
Spec Z[x]/(f(x)) is regular if and only if Z[x]/(f(x)) is normal. The regularity of Spec Z[x]/(f(x)) is
hence equivalent to the fact that Z[x]/(f(x)) is the ring of integer of Q[x]/(f(x)). In their paper, fixing
the degree d > 1, they order the monic integer polynomials f(x) = xd + a1xd−1 + · · · + ad by a height
function
H(f) := max{|ai| 1i },
and calculate the density of a subset Pd ⊂ V mond (Z) by
µH,d(Pd) = lim
R→∞
#(Pd ∩ {f ∈ V mond (Z) ; H(f) ≤ R})
#{f ∈ V mond (Z) ; H(f) ≤ R}
Identifying V mond (Z) with the set {F ∈ H0(P1Z,O(d)) ; div F ∩∞Z = ∅} by homogenization, the density
of Pd can be understood as
µH,d(Pd) = lim
R→∞
#
(Pd ∩ {F ∈ H0(P1Z,O(d)) ; div F ∩∞Z = ∅, H(F ) ≤ R})
#{F ∈ H0(P1Z,O(d)) ; div F ∩∞Z = ∅, H(F ) ≤ R}
We can then reformulate [BSW16, Theorem 1.2] as follows:
Theorem 1.3 (Theorem 1.2 of [BSW16]). For a fixed d > 1, set
Pd := {F ∈ H0(P1Z,O(d)) ; div F ∩∞Z = ∅, div F is regular of dimension 1}.
Then we have
µH,d(Pd) = ζ(2)−1.
Remark. In fact, it is better to express ζ(2)−1 by some special value of ζA1
Z
(s). Since
ζA1
Z
(s) =
∏
p
ζA1
Fp
=
∏
p
1
1− p1−s ,
we have
ζ(2)−1 =
∏
p
(1 − p−2) = ζA1
Z
(3)−1.
So the theorem tells that, for any d > 1, the density of the subset Pd of
{F ∈ H0(P1Z,O(d)) ; div F ∩∞Z = ∅}
consisting of sections with regular divisor is equal to
ζP1
Z
−∞Z
(
1 + dim(P1Z −∞Z)
)−1
= ζA1
Z
(3)−1.
Now this result seems similar to Poonen’s theorem in a different setting. But here since we only consider
global sections whose divisor is disjoint of ∞Z, we can not recover Poonen’s theorem for X = A1Z in P1Z.
On the other hand, the height function here is useful for Bhargava, Shankar and Wang to get effective
estimates, but is not well-behaved if we want to extend it to all sections of H0(P1Z,O(d)).
These two kind of densities are defined using a basis of H0(PnZ,O(d)) (which is H0(P1Z,O(d)) in the
case of Bhargava, Shankar and Wang). In the case of projective spaces we have a natural choice of such
a basis, which is the basis consisting of monomials of corresponding degree. But such a canonical basis
does not exists for H0(X ,L⊗d) for a general projective arithmetic variety X equipped with an ample
line bundle L. Moreover, to reflect the arithmetic nature of schemes over Spec Z, it is not enough to
consider ample line bundles. A good analogue of ampleness which induces good finiteness properties is
needed. We have a notion of arithmetic ampleness for hermitian line bundles on projective arithmetic
varieties developped by Henri Gillet and Christophe Soulé in [GS92] and by Shouwu Zhang in [Zh92] (for
arithmetic surfaces) and [Zh95]. Assume that X is a projective arithmetic variety. An ample hermitian
line bundles L = (L, ‖·‖) on X is an ample line bundle L equipped with a hermitian metric ‖·‖ on the
restriction LC to the fiber X (C) with additional positivity conditions. For such L on X , consider the set
of strictly effective sections
H0Ar(X ,L) := {σ ∈ H0(X ,L) ; ‖σ‖∞ < 1}
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as an analogue of the group of global sections of ample line bundles on varieties defined over a field. Here
‖σ‖∞ = sup
z∈X (C)
‖σ(z)‖ .
We will give a precise definition of an ample hermitian line bundle in Section 2. We will also discuss
some properties of ample hermitian line bundles there.
For a fixed ample hermitian line bundle L, we say that a subset P of ⋃d≥0H0(X ,L⊗d) has density ρ
for some 0 ≤ ρ ≤ 1 if
lim
d→∞
#(P ∩H0Ar(X ,L
⊗d
))
#H0Ar(X ,L
⊗d
)
= ρ.
We define the upper density and lower density in the same way. When exist, we denote the density, the
upper density and the lower density of P by µ(P), µ(P) and µ(P), respectively.
In this paper, we prove the following:
Theorem 1.4. Let X be a regular projective arithmetic variety of dimension n, and let L be an ample
line bundle on X . There exists a constant ε > 0 such that by denoting
Pd,p≤eεd :=
{
σ ∈ H0(X ,L⊗d) ; divσ has no singular point of residual
characteristic smaller than eεd
}
and PA =
⋃
d≥0 Pd,p≤eεd , we have
µ(PA) = ζX (1 + n)−1,
where ζX (s) is the zeta function
ζX (s) =
∏
x∈|X |
(1−#κ(x)−s)−1.
Here κ(x) is the residual field of x, and the residual characteristic of a closed point x in X is the
characteristic of its residue field.
Theorem 1.5. Let X be a regular projective arithmetic variety of dimension n, and let L be an ample
line bundle on X . Set
Pd :=
{
σ ∈ H0(X ,L⊗d) ; divσ is regular
}
and P = ⋃d≥0 Pd. We have
µ(P) ≤ ζX (1 + n)−1,
where µ(P) is the upper density of P.
Proof. If a section σ ∈ H0Ar(X ,L
⊗d
) is such that divσ is regular, then in particular it has no singular point
of residual characteristic smaller than eεd with constant ε as in Theorem 1.4. So naturally Pd ⊂ Pd,p≤eεd
and P ⊂ PA. Therefore we have
µ(P) ≤ µ(PA) = ζX (1 + n)−1.

Corollary 1.6. Let X be a regular projective arithmetic variety of dimension n, and let L be an ample
line bundle on X . There exists a constant c > 1 such that for any R > 1 we have
lim
d→∞
#
{
σ ∈ H0(X ,L⊗d) ; ‖σ‖∞ < R
d, Sing(divσ) has no point
of residual characteristic smaller than (cR)
d
2
}
#
{
σ ∈ H0(X ,L⊗d) ; ‖σ‖∞ < Rd
} = ζX (1 + n)−1
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1.3. Method of proof. The proof of Theorem 1.4 relies on an effective estimate of proportion of global
sections whose divisor has no singular point on one single fiber. This estimate can be reduced to com-
puting, for a projective arithmetic variety X of dimension n with an ample line bundle L, the proportion
of σ ∈ H0(Xp2 ,L⊗d) such that for any closed point x ∈ divσ, dimκ(x) mdivσ,xm2divσ,x = n− 1, where
Xp2 = X ×Spec Z Spec Z/p2.
We follow Poonen’s proof of the Bertini smoothness theorem over finite fields, in [Po04]. With a choice
of positive integers rp,d, N(p), where rp,d depends on p, d and N(p) depends only on p, we give estimates
of proportion of sections σ ∈ H0(Xp2 ,L⊗d) whose divisor has a singular point of degree smaller than or
equal to rp,d, between rp,d and
d−N(p)
nN(p) and larger than
d−N(p)
nN(p) , respectively. Then we conclude by putting
together these three estimates.
The estimate on one single fiber can be easily extended to finitely many fibers. The effective estimates
permit us to show that we can gather all fibers over p such that p < d
1
n+1 without ruining the convergence
of the proportion of σ ∈ H0Ar(X ,L
⊗d
) such that divσ has no singular point on all these fibers.
Then we use a different method to show that there exists a constant c > 0 such that for any prime
p ≤ eεd with constant ε defined in Proposition 2.5 such that the fiber over p is smooth and irreducible
(these two conditions are satisfied by all but finitely many p), the proportion of strictly effective global
sections whose divisor has singular points on this fiber is smaller than cp−2. Consequently the proportion
of σ ∈ H0Ar(X ,L
⊗d
) such that divσ has singular points on the fiber Xp for some d 1n+1 ≤ p ≤ eεd is
bounded above by ∑
d
1
n+1≤p≤eεd
cp−2,
which tends to 0 when d tends to infinity. This together with the above estimate for p < d
1
n+1 proves
Theorem 1.4.
1.4. Organisation of the paper. In Section 2 we recall the definition of arithmetic ampleness intro-
duced by Shouwu Zhang in [Zh92] and [Zh95] as well as some properties of arithmetic ample line bundles
such as the arithmetic Hilbert-Samuel formula and some results on restrictions to a subscheme in [Ch17].
In Section 3 we gather two results on estimates of the convergences of special values of zeta functions.
In Section 4 we estimates how fast the proportion of strictly effective global sections having no singular
point on a given special fiber over p ∈ Spec Z tends to ζXp(1+n)−1. In Section 5 we use the results of the
previous sections to show that the proportion of strictly effective global sections having no singular point
of residual characteristic smaller than d
1
n+1 tends to ζX (1 + n)−1 when d tends to infinity. In Section 6,
we prove that the proposition of sections in H0Ar(X ,L
⊗d
) having singular points on a special fiber over p
can be bounded above by cp−2 with some positive constant c independent of p and d when d and p are
large. We use this result to prove Theorem 1.4 and Corollary 1.6 in the same section. In Appendix A,
we give a proof of a generalized Poonen’s Bertini smoothness theorem over finite fields where we allow
the sheaf to be ample instead of very ample. This theorem is not directly used in the main part of this
paper, but some results in the appendix is used in Section 4 and 6.
1.5. Notation.
(1) For a finite set S, we note #S its cardinality.
(2) For a positive real number x, we note
⌊x⌋ = max{n ∈ Z ; n ≤ x}, ⌈x⌉ = min{n ∈ Z ; n ≥ x}.
(3) Let f, g : R≥0 −→ R be two real continuous functions such that f(0) = g(0) = 0. We say
f = O(g) if there exist c > 0 and ε > 0 such that for any 0 < x < ε we have
f(x) ≤ c · g(x).
We say f ∼ g if f = O(g) and g = O(f).
(4) If f : X → Y is a closed embedding, we denote it by
f : X 9֒ Y.
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2. Arithmetic ampleness
In this section, we discuss arithmetic ampleness for arithmetic varieties, i.e. integral separated schemes
which are flat and of finite type over Spec Z. This notion is established in [Zh92] and [Zh95].
2.1. Basic properties.
Definition. Let M be a complex analytic space. Let L = (L, ‖·‖) be a hermitian line bundle on M ,
where ‖·‖ is a continuous hermitian metric on L. Then L is said to be semipositive if for any section σ
of L on any open subset U of M , the function − log ‖σ‖ is plurisubharmonic on U .
Remark. If M is a complex manifold and the hermitian metric ‖·‖ on L is of differentiability class C2,
then saying that L is semipositive is equivalent to saying that for any section s on any open subset U of
M , we have that √−1∂∂ (− log ‖s‖)
is a non-negative (1, 1)-form.
Definition. Let X be a projective arithmetic variety, which means an arithmetic variety projective over
Spec Z, and let L be a hermitian line bundle on X . We say that L is ample on X if it verifies the following
three conditions:
i) L is ample over Spec Z;
ii) L is semipositive on the complex manifold X (C);
iii) for any d≫ 0, H0(X ,L⊗d) is generated by sections of norm strictly smaller than 1.
For any hermitian line bundle L = (L, ‖·‖) and any real number δ, we note L(δ) the hermitian line
bundle (L, ‖·‖ e−δ). If L is ample, it is easy to see that L(δ) is also ample for any δ > 0.
A useful result concerning ample line bundles is the following proposition, which is a simple version of
[Ch17, Prop. 2.3]:
Proposition 2.1. Let X be a projective arithmetic variety, and let L be an ample line bundle on X .
There exists a positive constant ε0 such that for any large enough integer d, H
0(X ,L⊗d) has a basis
consisting of sections with norm smaller than e−ε0d.
Now we recall some important results about arithmetic ample line bundles.
Theorem 2.2. Let X be a projective arithmetic variety of absolute dimension n, L an ample line bundle
on X and M a hermitian vector bundle of rank r on X . We have
i) as d tends to ∞,
h0Ar(X ,L
⊗d ⊗M) = r
n!
Lndn + o(dn);
ii) if the generic fiber XQ is smooth over Spec Q, then as d tends to ∞,
h0Ar(X ,L
⊗d ⊗M) = r
n!
Lndn +O(dn−1 log d);
Proof. The first statement can be found in [Yu08, Corollary 2.7 (1)]. We get this by combining two
results. The first one is the estimate of χsup(L⊗d ⊗M), which is the logarithm of the covolume of the
lattice H0(X ,L⊗d) for the sup norm, given by Shouwu Zhang in [Zh95, Theorem (1.4)] as
χsup(L⊗d ⊗M) = r
n!
Lndn + o(dn).
The second result is a consequence of [GS91, Theorem 2], which says that
|h0Ar(X ,L
⊗d ⊗M)− χsup(L⊗d ⊗M)| = O(dn−1 log d)
The second statement can be found in [Ch17, Theorem 2.10 (ii)]. 
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2.2. Restriction modulo N of sections.
Lemma 2.3. Let X be a projective arithmetic variety, and let L be an ample line bundle on X . There
is a positive integer d0 such that for any d ≥ d0, H0(X ,L⊗d) is a free Z-module.
Proof. By the flatness of the structure morphism X → Spec Z, the Euler characteristic χ(L⊗dp ) of the
fiber Xp satisfies
χ(L⊗dp ) = χ(L
⊗d
Q )
for any prime p. We choose a d1 such that hi(XQ,L⊗d) = 0 for any d ≥ d1 and any i > 0, which implies
hi(Xp,L⊗d) = 0 for all but finitely many p. Let d2 ∈ Z>0 be such that hi(Xp,L⊗d) = 0 for each of the
remaining primes p and any i > 0. Such a d2 exists as the restriction sheaf L|Xp is ample for any prime
p. Then we can take d0 = max(d1, d2). For any d ≥ d0, we have
h0(Xp,L⊗d) = χ(L⊗dp ) = χ(L
⊗d
Q ) = h
0(XQ,L⊗d).
This means that H0(X ,L⊗d) is torsion free, as we have
H0(Xp,L⊗d) ≃ H0(X ,L⊗d)/
(
p · H0(X ,L⊗d))
and
H0(XQ,L⊗d) ≃ H0(X ,L⊗d)⊗Z Q.
Therefore d0 satisfies the conclusion of the lemma. 
We have two results concerning the restriction modulo N map.
Proposition 2.4. Let X be a projective arithmetic variety, and let L be an ample line bundle on X . Let
0 < α0 < 1 be a real number. There exists a positive constant η such that for any d ∈ Z>0 large enough,
if N ∈ Z>0 is bounded above by exp(dα0), then the following holds:
i) the restriction morphism
ψd,N : H
0
Ar(X ,L
⊗d
) −→ H0(XN ,L⊗d)
is surjective, here XN = X ×Spec Z Spec Z/NZ;
ii) for any two sections s, s′ in H0(XN ,L⊗d), we have
|#ψ−1d,N (s)−#ψ−1d,N(s′)|
#ψ−1d,N(s)
≤ e−ηd.
This proposition is a reformulation of [Ch17, Proposition 2.3].
Proposition 2.5. Let X be a projective arithmetic variety, and let L be an ample line bundle on X . Let
ε0 be a constant as in Proposition 2.1, and choose a constant ε < ε0. For a positive integer N , let
ψd,N : H
0
Ar(X ,L
⊗d
) −→ H0(XN ,L⊗d)
be the restriction map, where XN = X ×Spec Z Spec(Z/N). When d is large enough, for any odd integer
N ≤ eεd and for any subset E ⊂ H0(XN ,L⊗d), we have
#ψ−1d,N (E)
#H0Ar(X ,L
⊗d
)
≤ 4 #E
#H0(XN ,L⊗d)
.
Proof. For simplicity of notation, we write h = rk(H0(X ,L⊗d)). We may assume that d is large enough
so that H0(X ,L⊗d) is a free Z-module by Lemma 2.3. Let (σ1, . . . , σh) be a Z-basis of H0(X ,L⊗d) such
that
‖σj‖ < e−ε0d, ∀j ∈ {1, . . . , h}.
For an odd integer N such that 0 < N ≤ eεd with a fixed ε < ε0, we set
Dd,N =

σ =
h∑
j=1
λjσj ; |λj | ≤ N
2
, λj ∈ R

 ⊂ H0(X ,L⊗d)⊗Z R.
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Then we have
Dd,N ∩ H0(X ,L⊗d) =

σ =
h∑
j=1
λjσj ; −N − 1
2
≤ λj ≤ N − 1
2
, λj ∈ Z

 ,
and
H0(X ,L⊗d)⊗Z R = N ·H0(X ,L⊗d) +Dd,N .
Moreover, for any σ ∈ Dd,N , we have a bound for the norm of σ
‖σ‖ ≤ hN
2
e−ε0d.
In particular, when d is large enough, as N ≤ eεd with ε < ε0, any σ ∈ Dd,N satisfies
‖σ‖ ≤ h
2
e(ε−ε0)d < 1.
Note that by the expression of Dd,N ∩H0(X ,L⊗d), we have a 1− 1 correspondence between elements in
Dd,N ∩H0(X ,L⊗d) and elements in H0(XN ,L⊗d) induced by the restriction modulo N map. So the map
ψd,N : H
0
Ar(X ,L
⊗d
) −→ H0(XN ,L⊗d)
is surjective for such N .
For any R ∈ R+, we set
Bd(R) =
{
σ ∈ H0(X ,L⊗d)⊗Z R ; ‖σ‖ < R
}
.
Then in particular, we have
Bd(1) ∩ H0(X ,L⊗d) = H0Ar(X ,L
⊗d
).
For any element σ ∈ H0(X ,L⊗d)⊗Z R, we can find a σ′ ∈ N ·H0(X ,L⊗d) such that σ − σ′ ∈ Dd,N . If
moreover σ ∈ Bd(1), we have
‖σ′‖ ≤ ‖σ‖+ ‖σ − σ′‖ < 1 + hN
2
e−ε0d.
Thus we have two inclusions
Bd(1) ⊂
(
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
+Dd,N ;
H0Ar(X ,L
⊗d
) ⊂
(
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
+Dd,N ∩ H0(X ,L⊗d).
Note that any element in H0(XN ,L⊗d) has exactly one preimage in Dd,N ∩ H0(X ,L⊗d). The number of
sections σ ∈ Dd,N ∩H0(X ,L⊗d) such that ψd,N (σ) ∈ E is equal to #E. Then by the above inclusion, we
have
#ψ−1d,N(E) = #{σ ∈ H0Ar(X ,L
⊗d
) ; ψd,N (σ) ∈ E}
≤ #
(
Bd(1 +
Nh
2
e−ε0d) ∩N ·H0(X ,L⊗d)
)
·#E.
Now we bound #
(
Bd(1 +
Nh
2 e
−ε0d) ∩N · H0(X ,L⊗d)
)
. If σ ∈ Bd(1 + Nh2 e−ε0d) ∩ N · H0(X ,L
⊗d
),
any σ′ ∈ σ +Dd,N satisfies
‖σ′‖ ≤ ‖σ‖+ ‖σ − σ′‖ < 1 + Nh
2
e−ε0d +
Nh
2
e−ε0d = 1 +Nhe−ε0d.
Hence (
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
+Dd,N ⊂ Bd(1 +Nhe−ε0d),
and in particular, we have
Vol
((
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
+Dd,N
)
≤ Vol (Bd(1 +Nhe−ε0d)) .
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If σ1, σ2 are two distinct elements in Bd(1 + Nh2 e
−ε0d) ∩N · H0(X ,L⊗d), the intersection (σ1 +Dd,N) ∩
(σ2 +Dd,N) is either empty or a subset in H0(X ,L⊗d)⊗Z R of dimension smaller than h. In particular,
the intersection always has volume 0. Therefore we have
Vol
((
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
+Dd,N
)
= #
(
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
·Vol(Dd,N).
From this equality, we can bound #
(
Bd(1 +
Nh
2 e
−ε0d) ∩N ·H0(X ,L⊗d)
)
as
#
(
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
=
Vol
((
Bd(1 +
Nh
2 e
−ε0d) ∩N · H0(X ,L⊗d)
)
+Dd,N
)
Vol(Dd,N )
≤ Vol
(
Bd(1 +Nhe
−ε0d)
)
Vol(Dd,N )
Now set
Dd,1 =

σ =
h∑
j=1
λjσj ; |λj | ≤ 1
2
, λj ∈ R

 ⊂ H0(X ,L⊗d)⊗Z R.
We get similarly that for any σ ∈ Dd,1, ‖σ‖ ≤ h2 e−ε0d. If σ ∈ H0(X ,L
⊗d
) ⊗Z R is such that ‖σ′‖ <
1− h2 e−ε0d, then we can find a section σ′ ∈ H0(X ,L
⊗d
) such that σ ∈ σ′ +Dd,1; moreover, we get
‖σ′‖ ≤ ‖σ‖+ ‖σ − σ′‖ < 1− h
2
e−ε0d +
h
2
e−ε0d = 1.
Thus we have
Bd(1− h
2
e−ε0d) ⊂ H0Ar(X ,L
⊗d
) +Dd,1.
So similarly we have
Vol
(
Bd(1− h
2
e−ε0d)
)
≤ #H0Ar(X ,L
⊗d
) · Vol(Dd,1)
Note that for any R > 0,
Vol (Bd(R)) = R
hVol (Bd(1)) ,
and
Vol(Dd,N ) = N
hVol(Dd,1).
Hence
Vol
(
Bd(1 +Nhe
−ε0d)
)
Vol(Dd,N)
=
(
1 +Nhe−ε0d
1− h2 e−ε0d
)h
Vol
(
Bd(1− h2 e−ε0d)
)
Nh · Vol(Dd,1)
≤
(
1 +Nhe−ε0d
1− h2 e−ε0d
)h
#H0Ar(X ,L
⊗d
) · Vol(Dd,1)
Nh ·Vol(Dd,1)
= N−h
(
1 +Nhe−ε0d
1− h2 e−ε0d
)h
#H0Ar(X ,L
⊗d
)
Since N ≤ eεd, we have
(1 +Nhe−ε0d)h = 1 +Nh2e−ε0d +O(Nh3e−2ε0d)
≤ 1 + h2e(ε−ε0)d +O(h3e(ε−2ε0)d)
As ε < ε0 and that the rank h = rk(H0(X ,L⊗d)) grows polynomially with d, when d is sufficiently large,
(1 +Nhe−ε0d)h ≤ 1 + 2h2e(ε−ε0)d ≤ 2.
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Similarly, we have when d is sufficiently large,
(1− h
2
e−ε0d)h = 1− h
2
2
e−ε0d +O(h3e−2ε0d) ≥ 1− h2e−ε0d ≥ 1
2
.
Hence we have (
1 +Nhe−ε0d
1− h2 e−ε0d
)h
≤ 1 + 2h
2e(ε−ε0)d
1− h2e−ε0d ≤ 4
for any N < eεd. Therefore, we can bound #
(
Bd(1 +
Nh
2 e
−ε0d) ∩N · H0(X ,L⊗d)
)
by
#
(
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
≤ Vol
(
Bd(1 +Nhe
−ε0d)
)
Vol(Dd,N)
≤ N−h
(
1 +Nhe−ε0d
1− h2 e−ε0d
)h
#H0Ar(X ,L
⊗d
)
≤ 4N−h ·#H0Ar(X ,L
⊗d
),
So finally we have
#ψ−1d,N (E) ≤ #
(
Bd(1 +
Nh
2
e−ε0d) ∩N · H0(X ,L⊗d)
)
·#E
≤ 4N−h ·
(
#H0Ar(X ,L
⊗d
)
)
·#E.
Since by Lemma 2.3, H0(X ,L⊗d) is a free Z-module when d is large enough, for such d we have
#H0(XN ,L⊗d) = Nh. Hence
#ψ−1d,N(E)
#H0Ar(X ,L
⊗d
)
≤ 4 #E
#H0(XN ,L⊗d)
and we conclude. 
Remark. When d is large enough, H0(X ,L⊗d) is a free Z-module such that
h = rk
(
H0(X ,L⊗d)) = dimQH0(XQ,L⊗d) = χ(XQ,L⊗d)
as L is ample.
The asymptotic Riemann-Roch Theorem tells us then that
h =
(
(L|XQ)n−1
)
(n− 1)! d
n−1 +O(dn−2),
where
(
(L|XQ)n−1
)
is the intersection number of n− 1 copies of L|XQ .
3. Convergence of special values of zeta functions
Let X be an arithmetic scheme of absolute dimension n. We fix from now on a constant c0 > 0 such
that for any prime integer p and any e ∈ Z>0,
#X (Fpe) = #Xp(Fpe) ≤ c0p(n−1)e,
where n is the absolute dimension of X (so Xp is of dimension n − 1). Such a constant exists by the
Lang-Weil estimates in [LW54]. A good introduction to the function #X (Fpe) and its properties is Serre’s
book [Se12].
We know that the zeta function
ζX (s) =
∏
x∈|X|
(1−#κ(x)−s)−1
is absolutely convergent for any s ∈ C satisfying Re(s) > n. Moreover, the zeta function of X is the
product of the zeta function of all its fibers, i.e. we have
ζX (s) =
∏
p prime
ζXp(s).
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For later use, we calculate in this section the speed of convergence of∏
x∈|Xp|, deg x≤r
(1−#κ(x)−(n+1))
to ζXp(n+ 1)
−1 when r →∞, and that of ∏p≤R ζXp(n+ 1)−1 to ζX (n+ 1)−1 when R→∞.
Lemma 3.1. For any prime number p and any positive integer e ≥ 1, we have
− log(1 − p−e) < 2p−e.
In particular, for any closed point x on an arithmetic variety X and any integer e ≥ 1, we have
− log(1−#κ(x)−e) < 2 ·#κ(x)−e.
Proof. For any real number 0 < t ≤
√
5−1
2 , we have − log(1−t) ≤ 2 log(1+t). Indeed, when 0 < t ≤
√
5−1
2 ,
we have
−1 < t2 + t− 1 = (t+ 1
2
)2 − 5
4
≤ 0.
Then
(1 + t)2(1− t) = 1− (t3 + t2 − t) = 1− t(t2 + t− 1) ≥ 1,
which implies
1
1− t ≤ (1 + t)
2,
i.e.
− log(1 − t) ≤ 2 log(1 + t).
Since for any t > 0, log(1 + t) < t, we have for 0 < t ≤
√
5−1
2 ,
− log(1− t) ≤ 2t.
As
√
5−1
2 >
1
2 , any prime p and positive integer r ≥ 1 satisfy p−r ≤
√
5−1
2 . Hence we conclude. 
Lemma 3.2. Let X be an arithmetic scheme of absolute dimension n. For any prime number p and any
positive integer r ≥ 1, we have∣∣∣∣∣∣
∏
x∈|Xp|,degx≤r
(
1− p−(n+1) deg x
)
− ζXp(n+ 1)−1
∣∣∣∣∣∣ ≤ 4c0p−2(r+1).
Proof. By Lemma 3.1, for any closed point x of X ,
− log(1−#κ(x)−(n+1)) < 2 ·#κ(x)−(n+1)
We have ∑
x∈|Xp|,degx>r
(
− log(1− p−(n+1) degx)
)
< 2
∑
x∈|Xp|,degx>r
p−(n+1) deg x
≤ 2
∞∑
e=r+1
#X (Fpe)p−(n+1)e
≤ 2
∞∑
e=r+1
c0p
(n−1)e · p−(n+1)e
= 2c0
∞∑
e=r+1
p−2e
= 2c0
p−2(r+1)
1− p−2
< 4c0p
−2(r+1).
On the other hand, for any x ∈ |Xp|, (
1− p−(n+1) degx
)
< 1.
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Hence ∣∣∣∣∣∣
∏
x∈|Xp|,degx≤r
(
1− p−(n+1) deg x
)
− ζXp(n+ 1)−1
∣∣∣∣∣∣
=
∏
x∈|Xp|,degx≤r
(
1− p−(n+1) degx
)
·

1− ∏
x∈|Xp|,degx>r
(
1− p−(n+1) deg x
)
< 1−
∏
x∈|Xp|,degx>r
(
1− p−(n+1) degx
)
= 1− exp

 ∑
x∈|Xp|,degx>r
log
(
1− p−(n+1) deg x
) .
By the above computation, we have∣∣∣∣∣∣
∏
x∈|Xp|,degx≤r
(
1− p−(n+1) degx
)
− ζXp(n+ 1)−1
∣∣∣∣∣∣
< 1− exp
(
−4c0p−2(r+1)
)
< 4c0p
−2(r+1)
as for any t > 0, e−t > 1− t. Therefore we conclude. 
Lemma 3.3. Let X be an arithmetic scheme of absolute dimension n. For any prime number p, we have
0 < log ζXp(n+ 1) ≤ 4c0p−2.
Proof. In fact, we have
0 < log ζXp(n+ 1) = log

 ∏
x∈|Xp|
(1−#κ(x)−(n+1))−1


= (−1)
∑
x∈|Xp|
log
(
1−#κ(x)−(n+1)
)
<

 ∑
x∈|Xp|
2#κ(x)−(n+1)


< 2
∞∑
e=1
#X (Fpe) · p−e(n+1),
where the third line uses Lemma 3.1. By the choice of c0 at the beginning of this section, for any e,
#X (Fpe) = #Xp(Fpe) ≤ c0p(n−1)e.
Then we have
∞∑
e=1
#X (Fpe) · p−e(n+1) ≤ c0
∞∑
e=1
p−2e
≤ c0p
−2
1− p−2 < 2c0p
−2.
Hence we conclude. 
Lemma 3.4. When R ∈ Z>0 is large enough, we have∣∣∣∣∣∣
∏
p≤R
ζXp(n+ 1)
−1 − ζX (n+ 1)−1
∣∣∣∣∣∣ < 8c0ζX (n+ 1)−1 ·R−1.
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Proof. Since ζX (s) =
∏
p ζXp(s), for a positive integer R we have∣∣∣∣∣∣
∏
p≤R
ζXp(n+ 1)
−1 − ζX (n+ 1)−1
∣∣∣∣∣∣ = ζX (n+ 1)−1 ·
∣∣∣∣∣∣
∏
p>R
ζXp(n+ 1)− 1
∣∣∣∣∣∣
= ζX (n+ 1)−1 ·
∣∣∣∣∣∣exp

∑
p>R
log ζXp(n+ 1)

− 1
∣∣∣∣∣∣ .
Since by Lemma 3.3 0 < log ζXp(n+ 1) ≤ 4c0p−2, we have
0 <
∑
p>R
log ζXp(n+ 1) < 4c0
∑
p>R
p−2
< 4c0
∑
k>R
k−2
< 4c0
∫ ∞
R
x−2dx
= 4c0R
−1.
When t ∈ R is sufficiently small, we have et − 1 < 2t. Therefore when R is sufficiently large,∣∣∣∣∣∣
∏
p≤R
ζXp(n+ 1)
−1 − ζX (n+ 1)−1
∣∣∣∣∣∣ = ζX (n+ 1)−1 ·
∣∣∣∣∣∣exp

∑
p>R
log ζXp(n+ 1)

− 1
∣∣∣∣∣∣
< ζX (n+ 1)−1 ·
∣∣exp (4c0R−1)− 1∣∣
< 8c0R
−1ζX (n+ 1)−1.

4. Effective computations on a single fiber
In this section, for a regular projective arithmetic variety X of dimension n equipped with an ample
line bundle L, we calculate the density of the set of global sections in H0Ar(X ,L
⊗d
) whose divisor has no
singular point lying on a fiber Xp for a fixed prime integer p when d→∞. Note that this density differs
from the density of sections in H0(Xp,L⊗d) whose divisor is smooth over Fp. This is because when a
global section σ ∈ H0(X ,L⊗d) is such that divσ has no singular point on Xp, it is still possible that its
image by restriction map φd,p : H0(X ,L⊗d)→ H0(Xp,L⊗d) is such that divφd,p(σ) is singular.
Indeed, let x be a closed point on the fiber Xp with maximal ideal mx as a closed subscheme of
X . We may assume that Xp is smooth over Fp. The maximal ideal of x as a closed point of Xp is
mXp,x = mx/(p ·mx). For any σ ∈ H0(X ,L
⊗d
), its divisor divσ is singular at x if and only if σ is contained
in H0(X ,L⊗d⊗m2x), where we identify H0(X ,L
⊗d⊗m2x) with a sub-Z-module of H0(X ,L
⊗d
) by regarding
L⊗d⊗m2x as a subsheaf of L
⊗d
. This is equivalent to the condition that, denoting x′ the closed subscheme
of X defined by the ideal sheaf m2x, the image of σ by the restriction map H0(X ,L
⊗d
) → H0(x′,L⊗d) is
0. Similarly, denoting x′′ the closed subscheme of Xp defined by m2Xp,x, divφd,p(σ) is singular at x if and
only if the image of σ by the restriction map
H0(X ,L⊗d) −→ H0(x′′,L⊗d)
is 0. Note that as x is a regular point of X ,
#H0(x′,L⊗d) = #H0(x′,Ox′) = p1+n.
Similarly, since Xp is smooth,
#H0(x′′,L⊗d) = #H0(x′′,Ox′) = p1+(n−1) = pn.
Moreover, by the definition of x′ and x′′, the restriction map H0(X ,L⊗d) −→ H0(x′′,L⊗d) factors through
#H0(x′,L⊗d) −→ H0(x′′,L⊗d).
Therefore we have a strict inclusion
Ker
(
H0(X ,L⊗d) −→ H0(x′,L⊗d)
)
( Ker
(
H0(X ,L⊗d) −→ H0(x′′,L⊗d)
)
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which implies that it is possible that divφd,p(σ) is singular at x while divσ is regular at x.
Example. Consider P2Z together with the ample line bundle O(1) on it. Then X2+5Y 2−Z2 is a global
section in H0(P2Z,O(2)). The restriction φ2,5(X2 + 5Y 2 − Z2) in H0(P2F5 ,O(2)) is equal to X2 − Z2.
So div(φ2,5(X2 + 5Y 2 − Z2)) has a singular point P = [0, 1, 0] ∈ P2F5 . But P is not a singular point
of div(X2 + 5Y 2 − Z2). Indeed, consider the open affine neighbourhood A2Z = P2Z − div(Y ) of P . The
ideal sheaf mA2
Z
,P of P in A
2
Z is generated by
X
Y ,
Z
Y , 5 ∈ H0(A2Z,OA2Z). Then m2A2Z,P is generated by
X2
Y 2 ,
Z2
Y 2 , 25,
XZ
Y 2 ,
5X
Y ,
5Z
Y . Let P
′ be the first order infinitesimal neighbourhood of P in P2Z. Then P
′ can
be regarded as a closed subscheme of A2Z defined by m
2
A2
Z
,P
. Note that
X2 + 5Y 2 − Z2 = (X
2
Y 2
− Z
2
Y 2
+ 5)Y 2.
The image of X2 + 5Y 2 − Z2 in H0(P ′,O(2)) is 5 · Y 2, which is non-zero. So P is a singular point of
div(φ2,5(X
2 + 5Y 2 − Z2)), but it is not a singular point of div(X2 + 5Y 2 − Z2)
4.1. Main result. We write
Pd,p :=
{
σ ∈ H0Ar(X ,L
⊗d
) ; div σ has no singular point on Xp
}
.
Theorem 4.1. Let X be a regular projective arithmetic variety of absolute dimension n, and let L be an
ample line bundle on X . There exists a constant C > 1 such that for any large enough integer d and any
prime number p verifying Cnpn < d, we have∣∣∣∣∣ #Pd,p#H0Ar(X ,L⊗d) − ζXp(n+ 1)
−1
∣∣∣∣∣ = O
((d
p
)− 2n)
,
where the constant involved in big O is independent of d, p.
To prove the result, it suffices to prove the following proposition:
Proposition 4.2. Define
P ′d,p2 :=
{
σ′ ∈ H0(Xp2 ,L⊗d) ; ∀x ∈ |divσ′|, dimκ(x) mdivσ
′,x
m2divσ′,x
= n− 1
}
,
where Xp2 = X ×Z Z/p2Z. Then for any prime number p verifying Cnpn < d, we have∣∣∣∣∣ #P
′
d,p2
#H0(Xp2 ,L⊗d)
− ζXp(n+ 1)−1
∣∣∣∣∣ = O
((d
p
)− 2n)
,
where the constant involved in big O is independent of d, p.
Proof of Theorem 4.1. Assuming this proposition, by Proposition 2.4 we can find constants 0 < α0 < 1
and η > 0 such that when d is large enough, for any prime number p such that p2 ≤ exp(dα0 ) and any
σ′1, σ
′
2 ∈ H0(Xp2 ,L
⊗d
),∣∣∣#(φ−1d,p2(σ′1) ∩ H0Ar(X ,L⊗d))−#(φ−1d,p2(σ′2) ∩ H0Ar(X ,L⊗d))∣∣∣
#
(
φ−1d,p2(σ
′
1) ∩ H0Ar(X ,L
⊗d
)
) ≤ e−ηd,
where φd,p2 : H0(X ,L⊗d) −→ H0(Xp2 ,L⊗d) is the restriction map. When we take the sum over all
σ′2 ∈ H0(Xp2 ,L
⊗d
), as
⋃
σ′2∈H0(Xp2 ,L
⊗d
)
(
φ−1d,p2(σ
′
2) ∩H0Ar(X ,L
⊗d
)
)
= H0Ar(X ,L
⊗d
)
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we get ∣∣∣#(φ−1d,p2(σ′1) ∩ H0Ar(X ,L⊗d)) · (#H0(Xp2 ,L⊗d))−#H0Ar(X ,L⊗d)∣∣∣
≤
∑
σ′2∈H0(Xp2 ,L
⊗d
)
∣∣∣#(φ−1d,p2(σ′1) ∩ H0Ar(X ,L⊗d))−#(φ−1d,p2(σ′2) ∩ H0Ar(X ,L⊗d))∣∣∣
≤
∑
σ′2∈H0(Xp2 ,L
⊗d
)
e−ηd ·#
(
φ−1d,p2(σ
′
1) ∩ H0Ar(X ,L
⊗d
)
)
= e−ηd ·#
(
φ−1d,p2(σ
′
1) ∩ H0Ar(X ,L
⊗d
)
)
·#H0(Xp2 ,L⊗d)
Dividing both side of the inequality by #H0(Xp2 ,L⊗d), we get∣∣∣∣∣#
(
φ−1d,p2(σ
′) ∩H0Ar(X ,L
⊗d
)
)
− #H
0
Ar(X ,L
⊗d
)
#H0(Xp2 ,L⊗d)
∣∣∣∣∣ ≤ e−ηd ·#
(
φ−1d,p2(σ
′) ∩ H0Ar(X ,L
⊗d
)
)
.
Since Pd,p is exactly the preimage of P ′d,p2 in H0Ar(X ,L
⊗d
), summing up over all σ′ ∈ P ′d,p2 , we get∣∣∣∣∣#Pd,p − #H
0
Ar(X ,L
⊗d
)
#H0(Xp2 ,L⊗d)
·#P ′d,p2
∣∣∣∣∣
=
∣∣∣∣∣∣#
⋃
σ′∈P′d,p2
(
φ−1d,p2(σ
′) ∩H0Ar(X ,L
⊗d
)
)
− #H
0
Ar(X ,L
⊗d
)
#H0(Xp2 ,L⊗d)
·#P ′d,p2
∣∣∣∣∣∣
≤
∑
σ′∈P′d,p2
∣∣∣∣∣#
(
φ−1d,p2(σ
′) ∩H0Ar(X ,L
⊗d
)
)
− #H
0
Ar(X ,L
⊗d
)
#H0(Xp2 ,L⊗d)
∣∣∣∣∣
≤
∑
σ′∈P′d,p2
e−ηd ·#
(
φ−1d,p2(σ
′) ∩ H0Ar(X ,L
⊗d
)
)
= e−ηd ·#Pd,p ≤ e−ηd ·#H0Ar(X ,L
⊗d
).
Dividing this inequality by #H0Ar(X ,L
⊗d
), we get∣∣∣∣∣ #Pd,p#H0Ar(X ,L⊗d) −
#P ′d,p2
#H0(Xp2 ,L⊗d)
∣∣∣∣∣ ≤ e−ηd.
Therefore we have ∣∣∣∣∣ #Pd,pH0Ar(X ,L⊗d) − ζXp(n+ 1)
−1
∣∣∣∣∣
≤
∣∣∣∣∣ #Pd,p#H0Ar(X ,L⊗d) −
#P ′d,p2
#H0(Xp2 ,L⊗d)
∣∣∣∣∣+
∣∣∣∣∣ #P
′
d,p2
H0(Xp2 ,L⊗d)
− ζXp(n+ 1)−1
∣∣∣∣∣
= O(e−ηd) +O
((d
p
)− 2n)
= O
((d
p
)− 2n)
.

The proof of Proposition 4.2 follows the method of Poonen for his proof of the Bertini theorem over
finite fields in [Po04].
We will prove Proposition 4.2 through the following steps.
(1) In Section 4.2 we will calculate the proportion of σ ∈ H0(Xp2 ,L⊗d) such that dimκ(x) mdivσ,xm2divσ,x =
n− 1 for any closed point x of degree ≤ r for an integer r. This proportion equals to∏
x∈|X |, deg x≤r
(1−#κ(x)−(1+n))
for r not too big. We will give a bound rd for r depending on d where this proportion is valide
for any 0 < r ≤ rd.
ON THE BERTINI REGULARITY THEOREM FOR ARITHMETIC VARIETIES 16
(2) Then in Section 4.3, we will show that for some integer constant N , the proportion of σ ∈
H0(Xp2 ,L⊗d) such that there exists a closed point x of degree between rd and d−NnN where the
condition dimκ(x)
mdivσ,x
m2divσ,x
= n− 1 is not satisfied tends to 0 when d tends to infinity.
(3) In Section 4.4, we will show the following : there exists a constant N(p) depending on p such that
the proportion of σ ∈ H0(Xp2 ,L⊗d) which satisfy the condition that there exists a closed point
x of degree strictly larger than d−N(p)nN(p) where we have dimκ(x)
mdivσ,x
m2divσ,x
6= n− 1 tends to 0 when d
tends to infinity.
(4) In Section 4.5, we will put these three estimates together to get an effective estimate of proportion
of global sections whose divisor has no singular point on one single fiber.
In the following, we need a relative version of Lemma A.2:
Lemma 4.3. Let L be an ample line bundle on a projective scheme Y flat over an open subscheme
S = Spec R of Spec Z. Then there exists a positive integer N such that
i) L⊗d is very ample for all d ≥ N ;
ii) for any a, b ≥ N , the natural morphism of R-modules
H0(Y,L⊗a)⊗H0(Y,L⊗b) −→ H0(Y,L⊗(a+b))
is surjective.
Proof. It suffices to take the integer N such that Lemma A.2 holds for the generic fiber YQ and that
H0(Y,L⊗d) is torsion free for any d ≥ N . 
4.2. Singular points of small degree. We need a lemma:
Lemma 4.4. Let Z be a closed subscheme of Xp2 of dimension 0, and let N be a positive integer such
that L⊗N is very ample. The restriction morphism
H0(Xp2 ,L⊗d) −→ H0(Z,L⊗d)
is surjective when d ≥ N · (h0 + 1), where h0 = dimFp
(
H0(Z,OZ)⊗Z/p2Z Fp
)
.
Proof. Let Cd be the cokernel of the restriction map. Then Cd ⊗Z/p2Z Fp is the cokernel of
H0(Xp,L⊗d) −→ H0(Z,L⊗d) = H0(Z,L⊗d)⊗Z/p2Z Fp.
When d ≥ N · (h0 + 1), by Lemma A.3, we have Cd ⊗Z/p2Z Fp = 0. Then by the short exact sequence
0 −→ pCd −→ Cd −→ Cd ⊗Z/p2Z Fp −→ 0,
we get pCd = Cd. Applying Nakayama’s lemma to Cd, considered as a Z/p2Z-module, we get Cd = 0.
Thus the surjectivity of the restriction map in the lemma holds when d ≥ N · (h0 + 1). 
Lemma 4.5. Set
P ′d,p2,≤r :=
{
σ′ ∈ H0(Xp2 ,L⊗d) ; ∀x ∈ |divσ′| of degree ≤ r, dimκ(x) mdivσ
′,x
m2divσ′,x
= n− 1
}
.
For any positive integer r satisfying 2c0Nnrp
(n−1)r ≤ d, we have
#P ′d,p2,≤r
#H0(Xp,L⊗d) =
∏
x∈|Xp|,degx≤r
(
1− p−(n+1) degx
)
.
Proof. For any closed point x ∈ Xp2 , let x′ be the closed subscheme of Xp2 defined by the square
of the maximal ideal of x. Then x′ is the first order infinitesimal neighborhood of x in Xp2 . We
have x′ ≃ Spec(OXp2,,x/m2Xp2,,x). A section σ
′ ∈ H0(Xp2 ,L⊗d) is such that divσ′ contains x and that
dimκ(x)
mdivσ′,x
m2
divσ′,x
= n if and only if the restriction map
H0(Xp2 ,L⊗d) −→ H0(x′,L⊗d)
sends σ′ to 0. For a positive integer r, let X ′p2,≤r be the disjoint union
X ′p2,≤r =
∐
x∈|Xp2 |,degx≤r
x′.
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Then we have a natural isomorphism
H0(X ′p2,≤r,L
⊗d
) ≃
∏
x∈|Xp2 |,degx≤r
H0(x′,L⊗d).
A section σ′ ∈ H0(Xp2 ,L⊗d) is such that divσ′ is regular at all closed points x of degree ≤ r if and only
if its image in H0(X ′p2,≤r,L
⊗d
) lies in the subset which by the above natural isomorphism corresponds to
∏
x∈|Xp2|,degx≤r
(
H0(x′,L⊗d)− {0}
)
.
Moreover, we have
dimFp H
0(X ′p2,≤r,OX ′
p2,≤r
)⊗Z/p2Z Fp = dimFp H0(Xp2 ,
∏
degx≤r
Ox′)⊗Z/p2Z Fp
=
∑
deg x≤r
dimFp H
0(x′,Ox′)⊗Z/p2Z Fp
=
∑
deg x≤r
((n− 1) + 1) deg x
≤ n
r∑
e=1
#Xp2 (Fpe)e
≤ n
r∑
e=1
c0p
(n−1)ee
≤ nc0r ·
r∑
e=1
p(n−1)e
≤ nc0rp
(n−1)(r+1) − 1
pn−1 − 1 .
By Lemma 4.4, when d ≥ N · (nc0r p
(n−1)(r+1)−1
pn−1−1 + 1) with N as in the lemma, the restriction map
H0(Xp2 ,L⊗d) −→ H0(Xp2 ,OX ′
p2,≤r
⊗ L⊗d)
is surjective. In particular, since we have
nc0r
p(n−1)(r+1) − 1
pn−1 − 1 + 1 ≤ nc0r
p(n−1)(r+1)
1
2p
n−1 = 2nc0rp
(n−1)r,
the surjectivity of the restriction holds for r, d verifying
2c0Nnrp
(n−1)r ≤ d.
For such r, d, we have
#P ′d,p2,≤r
#H0(Xp,L⊗d) =
∏
x∈|Xp|,degx≤r
(
1− p−(n+1) degx
)
.

4.3. Singular points of medium degree. Let N be an integer satisfying Lemma 4.3. Set
Qmedd,p2,r :=
{
σ′ ∈ H0(Xp2 ,L⊗d) ; ∃x ∈ |divσ′| of degree r < deg x ≤ ⌊
d−N
Nn
⌋, dimκ(x)
mdivσ′,x
m2divσ′,x
= n
}
Lemma 4.6. We have for r ≥ 1,
#Qmedd,p2,r
#H0(Xp2 ,L⊗d)
< 2c0p
−2(r+1),
where the constant c0 is as defined in Section 3.
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Proof. For any closed point x in Xp2 , applying Lemma 4.4 to the first order infinitesimal neighborhood
x′ of x in Xp2 , we get that the restriction morphism
H0(Xp2 ,L⊗d) −→ H0(Xp2 ,Ox′ ⊗ L⊗d)
is surjective when
N(n deg x+ 1) ≤ d,
which is when deg x ≤ d−NNn . We can then estimate the proportion of elements in Qmedd,p2,r by
#Qmedd,p2,r
#H0(Xp2 ,L⊗d)
≤
∑
r<degx≤⌊ d−NNn ⌋
#Ker
(
H0(Xp2 ,L⊗d) −→ H0(Xp2 ,Ox′ ⊗ L⊗d)
)
≤
⌊ d−NNn ⌋∑
e=r+1
#X (Fpe )p−(n+1)e
≤
∞∑
e=r+1
c0p
(n−1)ep−(n+1)e
≤ c0
∞∑
e=r+1
p−2e
=
c0p
−2(r+1)
1− p−2
< 2c0p
−2(r+1).

4.4. Singular points of large degree.
Proposition 4.7. Fix a constant 0 < α < 1. There exist positive integers N0, N1 only depending on X
and L such that for any p ≤ dα, denoting
N(p) = (N0 + 1)(N1 + p− 1) + p,
and
Qhighd,p2 :=
{
σ′ ∈ H0(Xp2 ,L⊗d) ; ∃x ∈ |divσ′| of degree >
d−N(p)
N(p)n
, dimκ(x)
mdivσ′,x
m2divσ′,x
= n
}
,
we have
#Qhighd,p2
#H0(Xp2 ,L⊗d) = O
(
dnp−c1
d
p
)
,
where c1 and the constant involved in big O are independent of d, p and α.
In particular, we have
lim
d→∞
#Qhighd,p2
#H0(Xp2 ,L⊗d)
= 0.
Remark. When d is large enough, for any p ≤ dα,
dnp−c1
d
p ≤ dnd−c1αd1−α = dn−c1αd1−α .
As α < 1, dn−c1αd
1−α
tends to 0 when d tends to infinity. So the above proportion
#Qhigh
d,p2
#H0(Xp2 ,L⊗d) is always
near 0 for any p ≤ dα when d is large enough.
Since X is regular, so is its generic fiber XQ, which is equivalent to say that XQ is smooth over Q.
This implies that we can find an open subset S of Spec Z such that XS is smooth over S. We will
give a uniform control of the proportion of Qhighd,p2 for primes p ∈ S such that 2c0N(p)npn−1 ≤ d. As
Spec Z− S is a finite scheme, the set of primes p where the proportion of Qhighd,p2 is not controled is finite
in number. We then give independent control of the proportion of Qhighd,p2 for each fiber with constants
possibly depending on p. The finiteness of such p permits us to get a uniform control for all primes p
verifying 2c0N(p)npn−1 ≤ d.
Thus Proposition 4.7 is implied by the following two propositions:
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Proposition 4.8. Fix a constant 0 < α < 1. For any prime p ≤ dα such that Xp is smooth over Fp we
have
#Qhighd,p2
#H0(Xp2 ,L⊗d)
= O
(
dn−1p−c1
d
p
)
,
where c1 and the constant involved in big O are independent of d, p and α.
Proposition 4.9. Fix a constant 0 < α < 1. For any prime number p ≤ dα with possibly singular Xp,
we have
#Qhighd,p2
#H0(Xp2 ,L⊗d)
= O
(
dnp−c
′
1
d
p
)
,
where c′1 and the constant involved in big O are independent of d, α, but may depend on p.
Before proving Proposition 4.8, we need some preparation.
Lemma 4.10. With the same notation as in Proposition 4.8. For an open subscheme U of XS , set
Qhighd,p,U =
{
σ ∈ H0(Xp,L⊗d) ; divσ has a singular point in U ∩ divσ of degree > d−N
Nn
}
.
Then Proposition 4.8 holds if
#Qhighd,p,U
#H0(Xp,L⊗d) = O
(
dn−1p−c1
d
p
)
,
for all U verfying the following conditions: with a chosen constant N0 satisfying Lemma 4.3,
1) we can find t1, . . . tn−1 ∈ H0(U,OU ) such that
Ω1U/S ≃
n−1⊕
i=1
OUdti;
2) there exists a τ0 ∈ H0(XS ,L⊗(N0+1)) such that XS − U = divτ0;
3) there exist τ1, . . . τk ∈ H0(XS ,L⊗N0) such that U =
⋃
1≤j≤k(XS − divτj).
Proof. As Ω1XS/S is a locally free sheaf, we can find a finite open covering {Uα} of XS and sections
tα,1, . . . tα,n−1 ∈ H0(Uα,OUα) such that
Ω1Uα/S ≃
n−1⊕
i=1
OUαdtα,i.
For any p ∈ S, we get an open covering {Uα,p2} of Xp2 . Since L is relatively ample, we may take a
positive integer N0 > 0 such that for any d ≥ N0, the sheaf IXS−Uα ⊗ L⊗dS is globally generated, where
IXS−Uα is the ideal sheaf of XS − Uα. By possibly taking a smaller open covering and enlarging N0,
we may assume that conditions (2) and (3) hold for each Uα. The covering Uα and sections chosen are
independent of d and p.
For an open set U of XS flat over S, set
Qhighd,p2,U =
{
σ′ ∈ H0(Xp2 ,L⊗d) ; ∃x ∈ |divσ′ ∩ U | of degree >
d−N
Nn
, dimκ(x)
mdivσ′,x
m2divσ′,x
= n
}
.
To bound Qhighd,p2 , it suffices to bound Qhighd,p2,Uα for all Uα in the covering. Note that for any σ ∈
H0(Xp2 ,L⊗d) and any x ∈ |divσ|, we have an exact sequence
pOdivσ −→ mdivσ,x
m2divσ,x
−→ mdivσ,x
m2divσ,x
−→ 0
where σ = σ mod p is the restriction in H0(Xp,L⊗d) and divσ is the divisor in Xp. Therefore
dimκ(x)
mdivσ,x
m2divσ,x
≥ dimκ(x) mdivσ
′,x
m2divσ′,x
− 1
In particular, if dimκ(x)
mdivσ,x
m2divσ,x
= n = dimXS , then as
dimκ(x)
mdivσ′,x
m2divσ′,x
− 1 ≤ dimκ(x)
mdivσ,x
m2divσ,x
≤ dimXp = n− 1,
we have dimκ(x)
mdivσ,x
m2divσ,x
= n− 1, which means that x is a singular point of divσ.
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Then for a section σ ∈ H0(Xp2 ,L⊗d), σ ∈ Qhighd,p2,U implies σ ∈ Qhighd,p,U . Thus
#Qhighd,p2,U
#H0(Xp2 ,L⊗d)
≤ #{σ ∈ H
0(Xp2 ,L⊗d) ; σ ∈ Qhighd,p,U}
#H0(Xp2 ,L⊗d)
=
#Qhighd,p,U
#H0(Xp,L⊗d) .
It suffices then to bound #Qhighd,p,Uα for Uα in the covering. Here all Uα satisfies the conditions in the
lemma. 
Now for an open subscheme U as in Lemma 4.10, we get morphisms
Φj : H
0(XS ,L⊗d) −→ H0(U,OU )
σ 7−→ σ · τ
d
j
τd0
for any d ∈ Z>0 and 1 ≤ j ≤ k.
On the other hand, Lemma A.10 in the appendix tells us that there exists a positive integer N1 such
that for any σ ∈ H0(Xp,L⊗d), any 1 ≤ i ≤ n− 1, the section (∂iΦj(σ)) · τd+δ0 extends to a global section
of L⊗(N0+1)(d+δ) for any δ ≥ N1.
In fact, this integerN1 is such that every ti ·τN10 extends to a global section. So N1 is again independent
of d and p. We enlarge N0 if necessary so that it verifies the following conditions:
1) N0 + 1 is a prime number ;
2) for any d ≥ N0, (L|XS )⊗d is very ample;
3) for any a, b ≥ N0, we have a surjective morphism
H0(XS ,L⊗a)⊗H0(S,OS) H0(XS ,L⊗b) −→ H0(XS ,L⊗(a+b)).
We will prove the following result:
Lemma 4.11. For any prime p ∈ S, take
N(p) = (N0 + 1)(N1 + p− 1) + p = p(N0 + 2) + (N0 + 1)(N1 − 1).
With notation as in Proposition 4.7, if p and N(p) satisfy 2c0N(p)np
n−1 ≤ d, then we have
#Qhighd,p,U
#H0(Xp,L⊗d) = O
(
dn−1p−c1
d
p
)
,
where c1 and the constant involved in big O are independent of d, p.
By Lemma 4.10, this implies Proposition 4.8.
Proof of Lemma 4.11. For each p ∈ S, if d ≥ N(p), d has a unique decomposition
d = pkp,d + (N0 + 1)lp,d
with N1 ≤ lp,d ≤ N1 + p. We have a surjective map
H0(Xp,L⊗d)×
(
n−1∏
i=1
H0(Xp,L⊗kd)
)
×H0(Xp,Lkd) −→ H0(Xp,L⊗d)
which sends (σ0, (β1, . . . , βn−1), γ) to
σ = σ0 +
n−1∑
i=1
βpi tiτ
ld
0,p + γ
pτ ld0,p,
where τ0,p is the restriction of τ0 modulo p in H0(Xp,L⊗(N0+1)). Thus
Φj,p(σ) = Φj,p(σ0) +
n−1∑
i=1
Φj,p(βi)
ptiΦj,p(τ0,p)
ld +Φj,p(γ)
pΦj,p(τ0,p)
ld
in H0(U ∩ Xp,OU∩Xp), where Φj.p = Φj |U∩Xp . Since τ0,p is nowhere zero on U , the singular locus of
divΦj,p(σ) is the intersection of the singular locus of divσ with U ∩ Xp. Since
∂i[Φj,p(βi)
ptiΦj,p(τ0,p)
ld ] = Φj,p(βi)
pΦj,p(τ0,p)
ld + ldΦj,p(βi)
ptiΦj,p(τ0,p)
ld−1 · ∂iΦj,p(τ0,p),
and for any i′ 6= i,
∂i[Φj,p(βi′)
pti′Φj,p(τ0,p)
ld ] = ldΦj,p(βi′)
pti′Φj,p(τ0,p)
ld−1 · ∂iΦj,p(τ0,p),
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we have
∂iΦj,p(σ) = ∂iΦj,p(σ0) +
n−1∑
i′=1
∂i
[
Φj,p(βi′)
pti′Φj,p(τ0,p)
ld
]
+ ∂i
[
Φj,p(γ)
pΦj,p(τ0,p)
ld
]
=
[
n−1∑
i′=1
ldΦj,p(βi′)
pti′Φj,p(τ0,p)
ld−1 + ldΦj,p(γ)pΦj,p(τ0,p)ld−1
]
· ∂iΦj,p(τ0,p)
+∂iΦj,p(σ0) + Φj,p(βi)
pΦj,p(τ0,p)
ld
= ∂iΦj,p(σ0) +
ld(Φj,p(σ) − Φj,p(σ0))
Φj,p(τ0,p)
∂iΦj,p(τ0,p) + Φj,p(βi)
pΦj,p(τ0,p)
ld
Now set
gp,j,i(σ0, βi) = ∂iΦj,p(σ0)− ldΦj,p(σ0)
Φj,p(τ0,p)
∂iΦj,p(τ0,p) + Φj,p(βi)
pΦj,p(τ0,p)
ld ,
and
Wp,j,i := Xp ∩ U ∩ {gp,j,1 = · · · = gp,j,i = 0}.
Then for any σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p,, comparing the expressions of gp,j,i and ∂iΦj,p we have
gp,j,i(σ0, βi)|div Φj,p(σ) = ∂iΦj,p(σ)|div Φj,p(σ).
Moreover, any section gp,j,i(σ0, βi) · τd+δ0,p ∈ H0(Xp ∩U,L⊗(N0+1)(d+δ)) can be extended to a global section
in H0(Xp,L⊗(N0+1)(d+δ)) for any δ ≥ N1.
Lemma 4.12. When d is sufficiently large, the proportion of
(
σ0, (β1, . . . , βn−1), γ
) ∈ H0(Xp,L⊗d)×
(
n−1∏
i=1
H0(Xp,L⊗kd)
)
×H0(Xp,Lkd)
such that for σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p,
divσ ∩Wp,n−1,j ∩
{
x ∈ |Xp| ; deg x > d−N(p)
N(p)n
}
= ∅,
is
1−O
(
dn−1p−c1
d
p
)
,
with a constant c1 depending only on N0 and N1.
Proof. Apply Lemma A.11 to the case Y = Xp and X = U ∩Xp. We obtain that for 0 ≤ i ≤ n− 2, with
a fixed choice of σ0, β1, . . . , βi such that dimWp,i,j ≤ n − 1 − i, the proportion of βi+1 in H0(Xp,L⊗kd)
such that dimWp,i+1,j ≤ n − 2 − i is 1 − O(di · p−
d
N1p(N0+1) ), where the constant involved depends only
on the degree of Xp when embedded in P(H0(L⊗(N0+1)p )∨) (this degree is independent of p), hence is
independent of d, p. In particular, the proportion of (σ0, β1, . . . , βn−1) such that Wp,n−1,j is finite is
n−2∏
i=0
(
1−O(di · p− dN1p(N0+1) )
)
= 1−O(dn−2 · p− dN1p(N0+1) ).
And then Lemma A.12 tells us that for fixed (σ0, β1, . . . , βn−1) making Wp,n−1,j finite, the proportion of
γ ∈ H0(Xp,L⊗kd) such that for σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p,
divσ ∩Wp,n−1,j ∩ {x ∈ |Xp| ; deg x > d−N(p)
N(p)n
} = ∅,
is
1−O(dn−1p−d−N(p)nN(p) ),
where the constant involved is independent of d, p.
Therefore for large enough d, the proportion of
(σ0, (β1, . . . , βn−1), γ) ∈ H0(Xp,L⊗d)×
(
n−1∏
i=1
H0(Xp,L⊗kd)
)
×H0(Xp,Lkd)
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such that
divσ ∩Wp,n−1,j ∩
{
x ∈ |Xp| ; deg x > d−N(p)
N(p)n
}
= ∅,
where σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p, is(
n−2∏
i=0
(1−O(di · p− dN1p(N0+1) ))
)
·
(
1−O(dn−1p−d−N(p)nN(p) )
)
=
(
1−O(dn−2 · p− dN1p(N0+1) )
)
·
(
1−O(dn−1p− d−N(p)nN(p) )
)
=
(
1−O(dn−2 · p− dN1p(N0+1) )
)
·
(
1−O(dn−1p− dnN(p) )
)
= 1−O
(
max(dn−2p−
d
N1p(N0+1) , dn−1p−
d
nN(p) )
)
= 1−O
(
dn−1p−c1
d
p
)
,
with a constant c1 depending only on N0 and N1.

On the other hand, for such σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p ∈ H0(Xp,L⊗d), we have
Sing(divσ) ∩ U ⊂ Sing(divΦj,p(σ))
= divΦj,p(σ) ∩ {∂1Φj,p(σ) = · · · = ∂n−1Φj,p(σ) = 0}
= divΦj,p(σ) ∩ {gp,j,1(σ0, β1) = · · · = gp,j,n−1(σ0, βn−1) = 0}
= divΦj,p(σ) ∩Wp,n−1,j
= divσ ∩Wp,n−1,j
as
gp,j,i(σ0, βi)|div Φj,p(σ) = ∂iΦj,p(σ)|div Φj,p(σ).
Since the homomorphism of groups
H0(Xp,L⊗d)×
(
n−1∏
i=1
H0(Xp,L⊗kd)
)
×H0(Xp,Lkd) −→ H0(Xp,L⊗d)
sending (σ0, (β1, . . . , βn−1), γ) to σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p is surjective, Lemma 4.12 implies that
#
{
σ ∈ H0(Xp,L⊗d) ; Sing(divσ) ∩ U ∩
{
x ∈ |Xp| ; deg x > d−N(p)N(p)n
}
= ∅
}
#H0(Xp,L⊗d) = 1−O
(
dn−1p−c1
d
p
)
.
which means that the proportion of σ ∈ H0(Xp,L⊗d) such that divσ has no singular point of degree strictly
larger than d−N(p)N(p)n , that is elements not contained in Qhighd,p,U is 1 − O
(
dn−1p−c1
d
p
)
with a constant c1
depending only on N0 and N1. We therefore conclude that
#Qhighd,p,U
#H0(Xp,L⊗d) = O
(
dn−1p−c1
d
p
)
.
with a possibly smaller c1.
Now that we have proved Lemma 4.11 except for the prime number p = N0 + 1, we can run the same
processus with another constant N ′0 which is prime to N0 + 1. We get a control for the proportion of
Qhighd,(N0+1),U with different constants. But by modifying the constant c1 and the constant involved in the
big O, this case can be included in the uniform control. Therefore we proved Lemma 4.11. 
Now we proceed to prove the Proposition 4.9.
Proof of Proposition 4.9. The main problem for controlling the proportion of Qhighd,p2 for p 6∈ S is that Xp
over p might be singular. We decompose Xp into regular and singular part:
Xp = Up ∪ Zp
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where Zp = Sing(Xp) is the singular locus of Xp and Up = Xp −Zp. As X is regular, for a closed point x
in Xp, if x ∈ Up, dimκ(x)mXp,x/m2Xp,x = n− 1; if x ∈ Zp, dimκ(x)mXp,x/m2Xp,x = dimκ(x)mX ,x/m2X ,x = n.
Set
Qhighd,Up =
{
σ ∈ H0(Xp,L⊗d) ; ∃x ∈ |divσ ∩ Up| of degree > d−N(p)
N(p)n
, dimκ(x)
mdivσ,x
m2divσ,x
= n− 1
}
,
Qhighd,Zp =
{
σ ∈ H0(Xp,L⊗d) ; ∃x ∈ |divσ ∩ Zp| of degree > d−N(p)
N(p)n
, dimκ(x)
mdivσ,x
m2divσ,x
= n
}
.
For a section σ ∈ H0(Xp2 ,L⊗d), assume that divσ contains a closed point x with dimκ(x) mdivσ,xm2divσ,x = n. Let
σ = σ mod p be its image in H0(Xp2 ,L⊗d). Then if x ∈ Up, x is also a singular point of divσ ∩ Up, i.e.
dimκ(x)
mdivσ,x
m2divσ,x
= n− 1; if x ∈ Zp, we have then dimκ(x) mdivσ,xm2divσ,x = n. So we have
{σ ; σ ∈ Qhighd,p2} ⊂ Qhighd,Up ∪ Q
high
d,Zp
,
hence
#Qhighd,p2
#H0(Xp2 ,L⊗d)
≤
#Qhighd,Up
#H0(Xp,L⊗d) +
#Qhighd,Zp
#H0(Xp,L⊗d)
We can bound the first term
#Qhighd,Up
#H0(Xp,L⊗d) by exactly the same method as in the proof of the Proposition
4.11. The second term can be bounded by a slightly different way.
As now (Ω1Xp/Fp)|Zp is locally free of rank n, we cover an open neighbourhood of Zp by open sub-
schemes VZp,α such that there exists tα,1, . . . , tα,n ∈ H0(VZp,α,OVZp,α) such that the image dti of dti in(
Ω1VZp,α/Fp
) ∣∣∣
VZp,α∩Zp
satisfies
(
Ω1VZp,α/Fp
) ∣∣∣
VZp,α∩Zp
≃
n⊕
i=1
OVZp,α∩Zpdti.
Then the same process as in the proof of the Proposition 4.11 gives us that the proportion of Qhighd,Zp is
bounded by
1−
(
n∏
i=0
(1−O(di · p−
d
N′
1
p(N′
0
+1) ))
)
·
(
1−O(dnp−
d−N′(p)
nN′(p) )
)
= 1−
(
1−O(dn · p−
d
N′
1
p(N′
0
+1) )
)
·
(
1−O(dnp−
d−N′(p)
nN′(p) )
)
= O
(
dnp−c
′
1
d
p
)
.
with different constants.Thus Proposition 4.9 is proved. 
4.5. Proof of Proposition 4.2.
Proof. As in the previous section, let N0 be an integer verifying the following conditions:
1) N0 + 1 is a prime number ;
2) for any d ≥ N0, (L|XS )⊗d is relatively very ample;
3) for any a, b ≥ N0, we have a surjective morphism
H0(XS ,L⊗a)⊗H0(S,OS) H0(XS ,L⊗b) −→ H0(XS ,L⊗(a+b)).
Let N1 be such that for any σ ∈ H0(Xp,L⊗d), any 1 ≤ i ≤ n− 1, the section (∂iΦj(σ)) · τd+δ0 extends to
a global section of L⊗(N0+1)(d+δ) for any δ ≥ N1. For each p ∈ S, take
N(p) = (N0 + 1)(N1 + p− 1) + p = p(N0 + 2) + (N0 + 1)(N1 − 1).
In particular, N(p) also satisfies the above 3 conditions. By Lemma 4.5, for any positive integer r which
satisfies 2c0N(p)nrp(n−1)r ≤ d, we have
#P ′d,p2,≤r
#H0(Xp,L⊗d) =
∏
x∈|Xp|,degx≤r
(
1− p−(n+1) degx
)
.
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Let rp,d be the largest r verifying this condition. In order to have rp,d ≥ 1, we need
2c0N(p)np
n−1 ≤ d.
Let C = 2c0(N0 + 3). When d is larger than 2c0n(N0 + 3)(N0 + 1)(N1 − 1), if p satisfies Cnpn < d, then
either p < (N0 + 1)(N1 − 1), which implies 2c0N(p)npn−1 ≤ d; or (N0 + 1)(N1 − 1) ≤ p < Cnpn < d, so
that
2c0N(p)np
n−1 = 2c0[p(N0 + 2) + (N0 + 1)(N1 − 1)]npn−1
≤ 2c0(N0 + 3)pnpn−1
= Cnpn < d.
So the above condition is satisfied, hence rp,d ≥ 1.
Since
P ′d,p2 ⊂ P ′d,p2,≤rp,d ⊂ P ′d,p2 ∪ Qmedd,p2,rp,d ∪ Qhighd,p2 ,
we have ∣∣∣∣∣ #P
′
d,p2
#H0(Xp2 ,L⊗d)
− ζXp(n+ 1)−1
∣∣∣∣∣
≤
∣∣∣∣∣ #P
′
d,p2
#H0(Xp2 ,L⊗d)
−
#P ′d,p2,≤rp,d
#H0(Xp2 ,L⊗d)
∣∣∣∣∣+
∣∣∣∣∣
#P ′d,p2,≤rp,d
#H0(Xp2 ,L⊗d)
− ζXp(n+ 1)−1
∣∣∣∣∣
≤
#Qmedd,p2,rp,d
#H0(Xp2 ,L⊗d)
+
#Qhighd,p2
#H0(Xp2 ,L⊗d)
+
∣∣∣∣∣∣ζXp(n+ 1)−1 −
∏
x∈|Xp2 |,degx≤rp,d
(
1− p−(n+1) deg x
)∣∣∣∣∣∣ .
By Lemma 4.6,
#Qmedd,p2,rp,d
#H0(Xp2 ,L⊗d)
< 2c0p
−2(rp,d+1)
By the choice of rp,d, we have
2c0N(p)n(rp,d + 1) · p(n−1)(rp,d+1) > d.
So
p−(rp,d+1) =
(
pn(rp,d+1)
)− 1n
<
(
(rp,d + 1)p
(n−1)(rp,d+1)
)− 1n
<
(
d
2c0N(p)
)− 1n
= O
((d
p
)− 1n)
.
Therefore we have
#Qmedd,p2,rp,d
#H0(Xp2 ,L⊗d)
= O
((d
p
)− 2n)
,
where the coefficient involved in is independent of d, p.
By Proposition 4.7, we have
#Qhighd,p2
#H0(Xp2 ,L⊗d)
= O
(
dnp−c1
d
p
)
,
where again the coefficient involved in is independent of d, p.
Note that Lemma 3.2 shows∣∣∣∣∣∣
∏
x∈|Xp|,degx≤rp,d
(
1− p−(n+1) degx
)
− ζXp(n+ 1)−1
∣∣∣∣∣∣ ≤ 4c0p−2(rp,d+1) = O
((d
p
)− 2n)
.
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Finally, by putting together all these three inequalities, we get∣∣∣∣∣
#P ′d,p2
#H0(Xp2 ,L⊗d)
− ζXp(n+ 1)−1
∣∣∣∣∣
≤
#Qmedd,p2,rp,d
#H0(Xp2 ,L⊗d)
+
#Qhighd,p2
#H0(Xp2 ,L⊗d)
+
∣∣∣∣∣∣ζXp(n+ 1)−1 −
∏
x∈|Xp2|,degx≤rp,d
(
1− p−(n+1) degx
)∣∣∣∣∣∣
= O
((d
p
)− 2n)
+O
(
dnp−c1
d
p
)
+O
((d
p
)− 2n)
= O
((d
p
)− 2n)
where the coefficient involved in is independent of d, p, which is what we need to show. Hence we
conclude. 
5. Singular points of small residual characteristic
In this section, we will show the following result :
Proposition 5.1. Let X be a regular projective arithmetic variety of absolute dimension n, and let L be
an ample line bundle on X . Set
P
d,p≤d
1
n+1
:=
{
σ ∈ H0Ar(X ,L
⊗d
) ;
divσ has no singular point of residual
characteristic smaller than d
1
n+1
}
.
When d is sufficiently large, we have∣∣∣∣∣
#P
d,p≤d
1
n+1
#H0Ar(X ,L
⊗d
)
− ζX (n+ 1)−1
∣∣∣∣∣ = O(d− 1n+1 ).
Here the constant involved in the big O depends only on X .
In particular, denoting PB =
⋃
d>0Pd,p≤d 1n+1 , we have
µ(PB) = ζX (n+ 1)−1.
5.1. Union of a finite number of fibers. Let p, q be two different prime numbers. Then we have
Xp2q2 = X ×Spec Z Spec(Z/p2q2Z) ≃ Xp2 ∐ Xq2 .
For any d ≥ 0, we have an isomorphism
λp2q2 : H
0(Xp2q2 ,L⊗d) ∼−→ H0(Xp2 ,L⊗d)×H0(Xq2 ,L⊗d).
For any σ ∈ H0Ar(X,L
⊗d
), σ ∈ Pp,d ∩ Pq,d if and only if the restriction map
ψd,p2q2 : H
0
Ar(X ,L
⊗d
) −→ H0(Xp2q2 ,L⊗d)
sends σ to an element in the set λ−1p2q2(P ′p2,d × P ′q2,d). Therefore we have
lim
d→∞
#(Pp,d ∩ Pq,d)
#H0Ar(X ,L
⊗d
)
= ζXp(n+ 1)
−1ζXq (n+ 1)
−1.
More generally, for any finite set I of prime numbers p, we have
lim
d→∞
#(
⋂
p∈I Pp,d)
#H0Ar(X ,L
⊗d
)
=
∏
p∈I
ζXp(n+ 1)
−1.
By Lemma 2.3, we may only consider d > 0 such that H0(X ,L⊗d) is free. Then for any positive integer
N , we have
H0(XN ,L⊗d) ≃ H0(X ,L⊗d)⊗Z Z/NZ ≃ H0(X ,L⊗d)/(N ·H0(X ,L⊗d))
By Proposition 2.4, we can find a positive constant α0 < 1 such that when d is large enough, for any
N < ed
α0 , the map
ψd,N : H
0
Ar(X ,L
⊗d
) −→ H0(XN ,L⊗d)
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is surjective and there exists a positive constant η with
|#ψ−1(σ) −#ψ−1(σ′)|
#ψ−1(σ)
≤ e−ηd.
for any two sections σ, σ′ in H0(XN ,L⊗d).
For a positive integer r, take Nr =
∏
p≤r p
2.
Lemma 5.2. Let C be the constant in Theorem 4.1.For any large enough integer d, and for any integer
r verifying Cnrn < d with n = dimX and Nr < edα0 , we have∣∣∣∣∣∣
#
(⋂
p≤r Pd,p
)
#H0Ar(X ,L
⊗d
)
−
∏
p≤r
ζXp(n+ 1)
−1
∣∣∣∣∣∣ = O
(∑
p≤r p
2
n
d
2
n
)
.
Proof. The Chinese remainder theorem implies that
H0(XNr ,L
⊗d
) ≃ H0(X ,L⊗d)⊗Z Z/NrZ
≃ H0(X ,L⊗d)⊗Z

∏
p≤r
Z/p2Z


≃
∏
p≤r
H0(Xp2 ,L⊗d).
Moreover we have XNr =
∐
p≤r Xp2 . Set
Ed,r := {σ ∈ H0(XNr ,L
⊗d
) ; ∀x ∈ |divσ|, dimκ(x) mdivσ,x
m2divσ,x
= n− 1}.
Then a section σ ∈ H0(XNr ,L
⊗d
) is contained in Ed,r if and only if for any p ≤ r, its restriction σ|Xp2
is contained in P ′p2,d. In particular, a section σ ∈ H0(X ,L
⊗d
) satisfies ψd,Nr(σ) ∈ Ed,r if and only if
ψd,p2(σ) ∈ P ′p2,d, for all p ≤ r. But that means exactly that this σ is contained in
⋂
p≤r Pd,p. On the
other hand, still by the Chinese remainder theorem,
#Ed,r
#H0(X ×Z Z/NrZ,L⊗d)
=
∏
p≤r
#P ′p2,d
#H0(Xp2 ,L⊗d)
As said above, with some positive constant η, we have
|#ψ−1(σ) −#ψ−1(σ′)|
#ψ−1(σ)
≤ e−ηd,
with σ, σ′ in H0(XNr ,L
⊗d
). Fixing one σ, we can sum up for all σ′ ∈ Ed,r and get∣∣∣∣∣∣#Ed,r −
#
(⋂
p≤r Pd,p
)
#ψ−1(σ)
∣∣∣∣∣∣
=
| (#Ed,r ·#ψ−1(σ))−#ψ−1(Ed,r)|
#ψ−1(σ)
≤
∑
σ′∈Ed,r
|#ψ−1(σ)−#ψ−1(σ′)|
#ψ−1(σ)
≤ #Ed,r · e−ηd,
where the last inequality follows from Proposition 2.4. This can also be written as∣∣∣∣∣∣#
⋂
p≤r
Pd,p −
(
#Ed,r ·#ψ−1(σ)
)∣∣∣∣∣∣ ≤
(
#Ed,r ·#ψ−1(σ)
)
e−ηd.
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Now we take the sum for all σ ∈ H0(XNr ,L
⊗d
) and get∣∣∣∣∣∣

# ⋂
p≤r
Pd,p

 ·#H0(XNr ,L⊗d)− (#Ed,r ·#H0Ar(X ,L⊗d))
∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
∑
σ∈H0(XNr ,L⊗d)

#⋂
p≤r
Pd,p −
(
#Ed,r ·#ψ−1(σ)
)
∣∣∣∣∣∣∣
≤
∑
σ∈H0(XNr ,L⊗d)
∣∣∣∣∣∣

#⋂
p≤r
Pd,p −
(
#Ed,r ·#ψ−1(σ)
)
∣∣∣∣∣∣
≤
∑
σ∈H0(XNr ,L
⊗d
)
(
#Ed,r ·#ψ−1(σ)
)
e−ηd
=
(
#Ed,r ·#H0Ar(X ,L
⊗d
)
)
e−ηd
≤
(
#H0(XNr ,L
⊗d
) ·#H0Ar(X ,L
⊗d
)
)
e−ηd.
Dividing both side by #H0(XNr ,L
⊗d
) ·#H0Ar(X ,L
⊗d
), we get∣∣∣∣∣ #
⋂
p≤r Pd,p
#H0Ar(X ,L
⊗d
)
− #Ed,r
#H0(XNr ,L
⊗d
)
∣∣∣∣∣ ≤ e−ηd.
Since we already know that
#Ed,r
#H0(XNr ,L
⊗d
)
=
∏
p≤r
#P ′p2,d
#H0(Xp2 ,L⊗d)
,
the inequality can be written as∣∣∣∣∣∣
#
⋂
p≤r Pd,p
#H0Ar(X ,L
⊗d
)
−
∏
p≤r
#P ′p2,d
#H0(Xp2 ,L⊗d)
∣∣∣∣∣∣ ≤ e−ηd.
Thus it suffices to show that we have∣∣∣∣∣∣
∏
p≤r
#P ′p2,d
#H0(Xp2 ,L⊗d)
−
∏
p≤r
ζXp(1 + n)
−1
∣∣∣∣∣∣ = O
(∑
p≤r p
2
n
d
2
n
)
.
By the Lemma 4.2, for any prime number p verifying Cnpn < d, we have
#P ′p2,d
#H0(Xp2 ,L⊗d)
= ζXp(1 + n)
−1 +O
((d
p
)− 2n)
with the constant involved in big O independent of p and d. Therefore we can calculate the product as
∏
p≤r
#P ′p2,d
#H0(Xp2 ,L⊗d)
=
∏
p≤r
(
ζXp(1 + n)
−1 +O
((d
p
)− 2n))
=
∏
p≤r
ζXp(1 + n)
−1 +
∑
p≤r
O
((p
d
) 2
n
)
=
∏
p≤r
ζXp(1 + n)
−1 +O
(∑
p≤r p
2
n
d
2
n
)
.
This shows the result. 
ON THE BERTINI REGULARITY THEOREM FOR ARITHMETIC VARIETIES 28
5.2. Bound on number of fibers. Now we try to find how large r can be.
Lemma 5.3. For large enough integer d, we have∣∣∣∣∣∣∣
#
(⋂
p≤d
1
n+1
Pd,p
)
#H0Ar(X ,L
⊗d
)
−
∏
p≤d
1
n+1
ζXp(n+ 1)
−1
∣∣∣∣∣∣∣ = O(d
− 1n+1 ).
Proof. Since we have Nr =
∏
p≤r p
2 and that by the prime number theorem, asymptotically the k-th
prime number pk satisfies
pk ∼ k log k,
we can choose a big enough constant c2 such that pk ≤ c2k log k for any k, and then estimate Nr by
Nr ≤
∏
k log k≤r
(c2k log k)
2 = c22
∏
k log k≤r
k2 log2 k.
For r > ⌈c2 + 2⌉, k log k can not take both value ⌈c2⌉, ⌈c2 + 1⌉. Thus we have for r > ⌈c2 + 2⌉,
c22
∏
k log k≤r
k2 log2 k <
∏
k≤r
k2 = (r!)2.
Moreover, r! < rr = exp(r log r). Therefore if r log r < dα0 , we get Nr < exp(dα0), and by Proposition
2.4 the restriction morphism
ψd,Nr : H
0
Ar(X ,L
⊗d
) −→ H0(XNr ,L
⊗d
)
is surjective. If moreover r satisfies Cnrn < d as in Theorem 4.1, then by Lemma 5.2, we have∣∣∣∣∣∣
#
(⋂
p≤r Pd,p
)
#H0Ar(X ,L
⊗d
)
−
∏
p≤r
ζXp(n+ 1)
−1
∣∣∣∣∣∣ = O
(∑
p≤r p
2
n
d
2
n
)
.
Now as above, ∑
p≤r
p
2
n ≤
∑
k log k≤r
(c2k log k)
2
n
<
∑
k≤r
c
2
n
2 k
2
n
< r · c 2n2 r
2
n = c
2
n
2 r
n+2
n .
Thus for r = d
1
n+1 we have ∑
p≤d
1
n+1
p
2
n < c
2
n
2 d
n+2
n(n+1) = O(d
n+2
n(n+1) ).
It’s easy to see that r = d
1
n+1 also satisfies conditions r log r < dα0 , Cnrn < d for large d. For this r, we
have∣∣∣∣∣∣∣
#
(⋂
p≤d
1
n+1
Pd,p
)
#H0Ar(X ,L
⊗d
)
−
∏
p≤d
1
n+1
ζXp(n+ 1)
−1
∣∣∣∣∣∣∣ = O


∑
p≤d
1
n+1
p
2
n
d
2
n

 = O(d n+2n(n+1)− 2n ) = O(d− 1n+1 ).

5.3. Proof of Proposition 5.1.
Proof. Apply Lemma 3.4 and take R = d
1
n+1 . We get∣∣∣∣∣∣∣
∏
p≤d
1
n+1
ζXp(n+ 1)
−1 − ζX (n+ 1)−1
∣∣∣∣∣∣∣ = O(d
− 1n+1 ).
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Combining this with Lemma 5.3, we get∣∣∣∣∣∣∣
#
(⋂
p≤d
1
n+1
Pd,p
)
#H0Ar(X ,L
⊗d
)
− ζX (n+ 1)−1
∣∣∣∣∣∣∣
≤
∣∣∣∣∣∣∣
#
(⋂
p≤d
1
n+1
Pd,p
)
#H0Ar(X ,L
⊗d
)
−
∏
p≤d
1
n+1
ζXp(n+ 1)
−1
∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
∏
p≤d
1
n+1
ζXp(n+ 1)
−1 − ζX (n+ 1)−1
∣∣∣∣∣∣∣
= O(d−
1
n+1 ) +O(d−
1
n+1 ) = O(d−
1
n+1 ),
which proves Proposition 5.1. 
6. Final result
In this section, we prove Theorem 1.4. The main step is to show the following proposition:
Proposition 6.1. Let X be a regular projective arithmetic variety of dimension n, and let L be an ample
line bundle on X . Then there exists a constant c > 0 such that for any d ≫ 0 and any prime number p
such that Xp is smooth and irreducible, denoting
Qd,p2 :=
{
σ ∈ H0(Xp2 ,L⊗d) ; ∃x ∈ |Xp2 |, dimκ(x) mdivσ,x
m2divσ,x
= n
}
,
we have
#Qd,p2
#H0(Xp2 ,L⊗d)
≤ c · p−2.
6.1. Divisors with higher dimensional singular locus.
Lemma 6.2. Let X be an irreducible projective scheme of dimension n over Spec Z. Let L be an ample
line bundle on X . For any large enough d and any prime number p such that Xp is smooth over Fp, if
σ ∈ H0(Xp,L⊗d) is such that Sing(divσ) is finite, then
#Sing(divσ) = O(dn−1),
where the constant involved does not depends on d or p.
Proof. We take the construction in Section 4.4. Let S be an open subscheme of Spec Z such that
XS = X ×Spec Z S is smooth over S. We may assume that there exists a positive integer N and an open
cover of XS by XS =
⋃
α∈A Uα making the following conditions valide:
(1) the sheaf L⊗d is very ample for any d ≥ N ;
(2) there exists τα ∈ H0(XS ,L⊗(N+1)) such that
XS − Uα = divτα ;
(3) there exist τα,1, . . . , τα,kα ∈ H0(XS ,L⊗N ) such that
Uα =
⋃
1≤j≤kα
(XS − divτα) ;
(4) for any α ∈ A, there exist tα,1, . . . , tα,n−1 ∈ H0(Uα,OUα) such that
Ω1Uα/S ≃
n−1⊕
i=1
OUαdtα,i,
We note ∂α,i ∈ DerOS (OUα ,OUα) ≃ Hom(Ω1Uα/S ,OUα) the dual of dtα,i.
Now we take one arbitrary U among the Uα’s in the open cover, and we drop the subscript α for
simplicity of notation. For any 1 ≤ j ≤ k, we have the restriction morphism
Φj : H
0(XS ,L⊗d) −→ H0(U,OU )
sending σ to
στdj
τd
. Then for any σ ∈ H0(XS ,L⊗d), ∂iΦj(σ) is a section in H0(U,OU ). For any p ∈ S, Φj
induces
Φp,j : H
0(Xp,L⊗d) −→ H0(Up,OUp)
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such that for any σ′ ∈ H0(Xp,L⊗d), ∂iΦp,j(σ′) is a section in H0(Up,OUp). Here Up = U ∩ Xp. Then
Lemma A.10 tells that we can find a positive integer N1 such that for any δ ≥ N1, any p ∈ S and any
σ ∈ H0(Xp,L⊗d), the section (∂iΦp,j(σ)) ·τd+δ extends to a global section in H0(Xp,L⊗(N+1)(d+δ)). Since
L⊗(N+1) is very ample, (∂iΦp,j(σ)) · τd+δ can also be regarded as a global section of
H0
(
P(H0(Xp,L⊗(N+1))∨),O(d + δ)
)
.
Then since τ is nowhere 0 on U ⊃ (XS − divτα,j), for any σ ∈ H0(Xp,L⊗d), we have
(XS − divτα,j) ∩ Sing(divσ)
= Sing(divΦj(σ))
= divΦj(σ) ∩
(
n−1⋂
i=1
div (∂iΦj(σ))
)
= (XS − divτα,j) ∩ div(σN+1) ∩
(
n−1⋂
i=1
div
(
∂iΦj(σ) · τd+N1
))
.
On the other hand, we have
σN+1 ∈ H0(P(H0(Xp,L⊗(N+1))∨),O(d)).
Denote the degree of Xp as a closed subscheme of P(H0(Xp,L⊗(N+1))∨) by degL⊗N+1(Xp). If σ ∈
H0(Xp,L⊗d) is such that Sing(divσ) is finite, then (XS − divτα,j) ∩ Sing(divσ) is finite and we can find
n − 1 divisors among the n ones appeared in the above intersection such that the intersection of these
n− 1 divisors and XS −divτα,j is finite. Obviously this intersection contains (XS − divτα,j)∩Sing(divσ).
Applying refined Bézout’s theorem [Fu84, Theorem 12.3], we get
#(Sing(divσ) ∩ (XS − divτα,j)) ≤ (degL⊗(N+1)(Xp))(d+N1)n−1 = O(dn−1),
where coefficients involved in O(di) is independent of p when d is large enough (degL⊗(N+1)(Xp) is inde-
pendent of p). Therefore we have
#Sing(divσ) ≤
∑
α∈A
kα∑
j=1
#(Sing(divσ) ∩ (XS − divτα,j)) = O(dn−1).
If p ∈ Spec Z− S is such that Xp is smooth over Fp, we may assume that there exists a positive integer
N ′ depending on p and an open cover of Xp by Xp =
⋃
β∈B Vβ making the following conditions valide:
(1) the sheaf L⊗d is very ample for any d ≥ N ′ ;
(2) there exists τ ′β ∈ H0(Xp,L⊗(N
′+1)) such that
Xp − Vβ = divτ ′β ;
(3) there exist τ ′β,1, . . . , τ
′
β,kβ
∈ H0(Xp,L⊗N ′) such that
Vβ =
⋃
1≤j≤kβ
(Xp − divτ ′β,j) ;
(4) for any β ∈ B, there exist t′β,1, . . . , t′β,n−1 ∈ H0(Vβ ,OVβ ) such that
Ω1Vβ/Fp ≃
n−1⊕
i=1
OVβdt′β,i,
Running the same argument as above, we get the same result
#Sing(divσ) = O(dn−1)
where the constant may be different from the one for all primes p ∈ S. But since the set of primes in
Spec Z−S is finite, we can find a constant which is valide for all p ∈ Spec Z such that Xp is smooth over
Fp. Hence we conclude.

ON THE BERTINI REGULARITY THEOREM FOR ARITHMETIC VARIETIES 31
The following lemma is a generalization of Lemma 5.9 in [Po04], where Poonen shows that for an
integral quasi-projective scheme X smooth over Z equipped with a very ample line bundle inducing an
immersion X →֒ PnZ for some n > 0, if the generic fiber XQ of the Zariski closure X of X in PnZ has at
most isolated singular points, then there exists c > 0 such that if d, p are sufficiently large, then
#
{
σ ∈ H0(Pnp ,O(d)) ; dim
(
Sing(divσ|Xp)
)
> 0
}
#H0(Pnp ,O(d))
<
c
p2
.
We prove the same conclusion for the case when X is projective and equipped with an ample line bundle,
in place of a very ample line bundle.
Lemma 6.3. Let X be a integral scheme of dimension n which is projective and generically smooth over
Spec Z, and let L be an ample line bundle on X . Then there exists a constant cH > 0 such that for any
d≫ 0 and any prime number p such that Xp is smooth and irreducible, we have
#
{
σ ∈ H0(Xp,L⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Xp,L⊗d) ≤ cH · p
−2.
Remark. If the prime p is fixed, Corollary A.13 tells us that there exists a constant c > 0 such that
#
{
σ ∈ H0(Xp,L⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Xp,L⊗d) = O(d
n−1 · p−c dp ).
When d is sufficiently large, we deduce from it that
#
{
σ ∈ H0(Xp,L⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Xp,L⊗d) ≤ p
−2.
So Corollary A.13 gives a better bound on the proportion of sections whose divisor has positive dimen-
sional singular locus. But this bound is well behaved only when d is much larger than the prime p. In
this lemma, the bound we give is independent of the choice of p. In particular, it is valide even when p
is much bigger than d.
Proof. We choose a constant N ∈ Z>0 verifying Lemma 4.3. If X is of dimension 1, then dim(Xp) = 0
for any prime p and the conclusion holds automatically. When X is of dimension 2, for p such that Xp
is smooth and irreducible, if σ ∈ H0(Xp,L⊗d) is such that dim
(
Sing(divσ)
)
> 0, then Sing(divσ) = Xp,
which is impossible unless σ = 0. This means in the case of dimension 1, when d is large enough we
always have
#
{
σ ∈ H0(Xp,L⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Xp,L⊗d) =
1
#H0(Xp,L⊗d) = p
−h0(XQ,L⊗d) < p−2.
So the lemma is true when dimX ≤ 1. We prove the higher dimensional case by induction. Assume
that for any integral scheme Y of dimension smaller than n which is projective and generically smooth
over Spec Z and which is equipped with an ample line bundle M, there exists a constant cY,M > 0 such
that for any d≫ 0 and any prime p such that Yp is smooth and irreducible, we have
#
{
σ ∈ H0(Yp,M⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Yp,M⊗d) ≤ cY,M · p
−2.
By the classical Bertini theorem over Q, we can find a section σD ∈ H0(XQ,L⊗N ) whose divisor DQ is a
smooth and irreducible divisor of XQ. By possibly replacing σD by a multiple of it, we may assume that
σD is in fact a section of H0(X ,L⊗N ) and that D = divσD is an irreducible divisor of X . In particular,
D has no vertical component. Moreover, D has no singular point on the generic fiber XQ. So there exists
an non-empty open subscheme S of Spec Z such that DS = D ∩ XS is smooth over S. By restricting
to a smaller open subscheme of S, we may assume that for any p ∈ S, Xp and Dp are both smooth and
irreducible. For the rest of the proof, we fix the divisor D. Note that D together with the restriction
sheaf L|D also verifies the assumption of the lemma.
For any prime p ∈ Spec Z − S such that Xp is smooth and irreducible, we can find a constant c by
Corollary A.13, such that
#
{
σ ∈ H0(Xp,L⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Xp,L⊗d) = O(d
n−1 · p−c dp ).
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So when d is sufficiently large, the right side can be bounded above by p−2. Since Spec Z− S is a finite
scheme, when d is sufficiently large, for any p ∈ Spec Z − S such that Xp is smooth and irreducible, we
have
#
{
σ ∈ H0(Xp,L⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Xp,L⊗d) ≤ p
−2.
Hence it suffices to prove the lemma for primes p ∈ S.
Now let p ∈ S. If a section σ ∈ H0(Xp,L⊗d) is such that
dim
(
Sing(divσ)
)
> 0,
then as Xp is irreducible and projective by the assumption on S, we have
Sing(divσ) ∩ Dp 6= ∅.
By induction hypothesis, we know that there exists a constant cD > 0 such that if d is sufficiently large,
then for any p ∈ S, we have
#
{
σ ∈ H0(Dp,L⊗d) ; dim
(
Sing(divσ)
)
> 0
}
#H0(Dp,L⊗d) ≤ cD · p
−2.
As L is ample on X , when d is large enough, the restriction map
H0(X ,L⊗d) −→ H0(D,L⊗d)
is surjective. So for such d, the morphism
H0(Xp,L⊗d) −→ H0(Dp,L⊗d)
is surjective for any p ∈ S, and hence
#
{
σ ∈ H0(Xp,L⊗d) ; dim
(
Sing(divσ ∩ Dp)
)
> 0
}
#H0(Xp,L⊗d) ≤ cD · p
−2.
We need to bound sections σ ∈ H0(Xp,L⊗d) such that Sing(divσ) ∩Dp is finite and non-empty. Since
D is of dimension n− 1, let c′0 > 0 be a constant such that
#D(Fpe) ≤ c′0p(n−2)e
for any prime number p and any integer e ≥ 1. For any closed point x ∈ |Dp| of degree e ≤ ⌊d−NNn ⌋, we
have by Lemma A.5, the proportion of σ ∈ H0(Xp,L⊗d) such that divσ is singular at x is p−ne. Then we
have
#
{
σ ∈ H0(Xp,L⊗d) ; ∃x ∈ |Sing(divσ) ∩ Dp|, deg x ≤ ⌊d−NNn ⌋
}
#H0(Xp,L⊗d)
≤
∑
x∈|Dp|, deg x≤⌊ d−NNn ⌋
p−ndegx
<
⌊ d−NNn ⌋∑
e=1
#D(Fqe)p−ne
≤
⌊ d−NNn ⌋∑
e=1
c′0q
(n−2)e · p−ne
=
c′0p
−2
1− p−2 < 2c
′
0p
−2.
If a section σ ∈ H0(Xp,L⊗d) whose divisor has positive dimensional singular locus is not included in
the above two cases, then it satisfies :
• Sing(divσ ∩Dp) is a finite set;
• if x is a closed point of Sing(divσ) ∩ Dp ⊂ Sing(divσ ∩ Dp), then deg x > ⌊d−NNn ⌋.
Then to finish the proof, it suffices to show that we can find a constant c3 > 0 such that when d is large
enough, for any p ∈ S
#
{
σ ∈ H0(Xp,L⊗d) ; Sing(divσ ∩ Dp) finite, ∃x ∈ Sing(divσ) ∩ Dp, deg x > ⌊d−NNn ⌋
}
#H0(Xp,L⊗d) < c3p
−2.
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For large enough d, consider the surjective morphism
H0(Xp,L⊗d)×H0(Xp,L⊗(d−N)) −→ H0(Xp,L⊗d)
which sends (σ0, σ1) ∈ H0(Xp,L⊗d) × H0(Xp,L⊗(d−N)) to the section σ = σ0 + σ1 · σD. For any σ =
σ0 + σ1 · σD in H0(Xp,L⊗d), the singular locus of divσ ∩ Dp is independent of σ1, i.e.
Sing(divσ ∩ Dp) = Sing(divσ0 ∩Dp).
If (σ0, σ1) ∈ H0(Xp,L⊗d) × H0(Xp,L⊗(d−N)) is such that Sing(divσ0 ∩ Dp) is finite, we assume that
Sing(divσ0 ∩ Dp) = {x1, . . . , xl}. Applying Lemma 6.2 to D, we have l = O(dn−2) with coefficients
depending on L and D but not p. For a fixed σ0 and any xi ∈ Sing(divσ0 ∩ Dp), let x′i be the first
order infinitesimal neighbourhood of xi in Xp. If div
(
σ0 + σ1σDp
)
is singular at xi, then the image of
σ0 + σ1σDp in H
0(x′i,L⊗d) by the natural restriction morphism is 0. Let mXp,xi be the ideal sheaf of xi
in Xp. We have a natural exact sequence of sheaves on Xp
0 −→ L⊗(d−N) −→ L⊗d −→ L⊗d ⊗OD −→ 0,
where the morphism L⊗(d−N) −→ L⊗d is the multiplication by σD. Restricting this exact sequence of
sheaves to the closed subscheme x′i, we get a right exact sequence
OXp
m2Xp,xi
⊗ L⊗(d−N) −→ OXp
m2Xp,xi
⊗ L⊗d −→ OXp
(mXp,xi + ID)2
⊗ L⊗d −→ 0,
where ID is the ideal sheaf of D. Note that the sheaf mXp,xim2
Xp,xi
⊗ L⊗(d−N) is contained in the kernel of the
first morphism as xi ∈ D. So the above right exact sequence induces the following right exact sequence
OXp
mXp,xi
⊗ L⊗(d−N) −→ OXp
m2Xp,xi
⊗ L⊗d −→ OXp
(mXp,xi + ID)2
⊗ L⊗d −→ 0.
Since D is nonsingular at xi, the multiplication by σD morphism
OXp
m2Xp,xi
⊗ L⊗(d−N) −→ OXp
m2Xp,xi
⊗ L⊗d
is not a zero map. This implies that the induced morphism
OXp
mXp,xi
⊗ L⊗(d−N) −→ OXp
m2Xp,xi
⊗ L⊗d
is not zero neither. As the left term is a κ(x) linear space of dimension 1, this morphism is in fact injective
and hence we have the following short exact sequence
0 −→ OXp
mXp,xi
⊗ L⊗(d−N) −→ OXp
m2Xp,xi
⊗ L⊗d −→ OXp
(mXp,xi + ID)2
⊗ L⊗d −→ 0.
Now, with the same notation as above, xi ∈ Sing(divσ0 ∩Dp) means that the image of the restriction
of σ0 in
OXp
(mXp,xi+ID)2 ⊗L
⊗d is 0. If xi ∈ Sing(divσ0)∩Dp, then σ0 + σ1σD has image 0 by the restriction
to
OXp
m2
Xp,xi
⊗ L⊗d. By the above exact sequence, this is a condition on σ1(xi) ∈ H0(xi,L⊗(d−N)). By the
exactness of the sequence, there is only one value of σ1(xi) ∈ H0(xi,L⊗(d−N)) which makes div(σ0+σ1σD)
singular at xi. If moreover we have deg xi > ⌊d−NNn ⌋, then for any β ∈ H0(xi,L⊗(d−N)), by Lemma A.8
the number of sections in H0(Xp,L⊗(d−N)) whose image in H0(xi,L⊗(d−N)) by the restriction map is β
is bounded above by
p−⌊
d−N
N ⌋ ·#H0(Xp,L⊗(d−N)) ≤ p2− dN ·#H0(Xp,L⊗(d−N)).
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Therefore, we have
#
{
σ ∈ H0(Xp,L⊗d) ; Sing (divσ ∩ Dp) finite,∃x ∈ Sing(divσ) ∩ Dp, deg x > ⌊d−NNn ⌋
}
#H0(Xp,L⊗d)
=
#
{
(σ0, σ1) ;
Sing (div(σ0 + σ1σD) ∩ Dp) finite,
∃x ∈ Sing(div(σ0 + σ1σD)) ∩ Dp, deg x > ⌊d−NNn ⌋
}
#H0(Xp,L⊗d) ·#H0(Xp,L⊗(d−N))
≤
#H0(Xp,L⊗d) ·
[
O(dn−2)p2−
d
N#H0(Xp,L⊗(d−N))
]
#H0(Xp,L⊗d) ·#H0(Xp,L⊗(d−N))
= O(dn−2)p2−
d
N .
Obviously, the last term is bounded above by p−2 when d is large enough. Hence we finish the proof. 
6.2. Proof of Proposition 6.1.
Proof. We fix a positive integer N that verifies Lemma 4.3 for any p. Let p be a prime such that Xp is
smooth and irreducible. By Lemma 4.4, for any closed point x ∈ |Xp| verifying d ≥ N(n deg x + 1), i.e.
deg x ≤ d−NNn , the restriction morphism
φp2,x : H
0(Xp2 ,L⊗d) −→ H0(x′,L⊗d),
is surjective, where x′ is the first order infinitesimal neighbourhood of x in X . Therefore the proportion
of global sections in H0(Xp2 ,L⊗d) whose divisor satisfies dimκ(x) mdivσ,xm2divσ,x = n is equal to
#Ker φp2,x
#H0(Xp2 ,L⊗d)
= p−(n+1) deg x.
Then with the constant c0 defined in Section 3, we have
#
{
σ ∈ H0(Xp2 ,L⊗d) ; ∃x ∈ |Xp2 |, deg x ≤ d−NNn , dimκ(x)
mdivσ,x
m2divσ,x
= n
}
#H0(Xp2 ,L⊗d)
≤
∑
x∈|Xp2 |, deg x≤d−NNn
p−(n+1) degx
≤
⌊ d−NNn ⌋∑
e=1
#Xp2 (Fpe)p−(n+1)e
≤
⌊ d−NNn ⌋∑
e=1
c0p
(n−1)e · p−(n+1)e
≤
∞∑
e=1
c0p
−2e = c0p−2 +
∞∑
e=2
c0p
−2e ≤ 2c0p−2.
Note that Lemma 6.3 tells us that in H0(Xp2 ,L⊗d), the proportion of sections whose divisor has positive
dimensional singular locus is bounded above by cHp−2. Consequently, as the restriction
ψd,p : H
0(Xp2 ,L⊗d) −→ H0(Xp,L⊗d)
is surjective, the proportion of sections σ ∈ H0(Xp2 ,L⊗d) such that
dimSing
(
div(σ|Xp)
)
> 0
is also bounded above by cHp−2. To finish the proof, it suffices to bound the proportion of sections in
the set{
σ ∈ H0(Xp2 ,L⊗d) ; Sing(divσ|Xp) finite, ∃x ∈ |Xp2 |, deg x > ⌊
d−N
Nn
⌋, dimκ(x)
mdivσ,x
m2divσ,x
= n
}
Now we take a subset Ed,p ⊂ H0(Xp2 ,L⊗d) such that the restriction map ψd,p induces a bijection from
Ed,p to H0(Xp,L⊗d). For example, if we choose a Z/p2Z-basis of H0(Xp2 ,L⊗d), we can take Ed,p to be
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the set of sections having coefficients in {0, 1, . . . , p− 1} ⊂ Z/p2Z when written as linear combination of
sections in this basis. Then any section σ ∈ H0(Xp2 ,L⊗d) can be written uniquely as
σ = σ1 + pσ2
for some σ1, σ2 ∈ Ed,p. Then Sing(div(σ|Xp)) = Sing(div(σ1|Xp)). Now let σ be a section in H0(Xp2 ,L⊗d)
such that Sing(div(σ|Xp)) is finite. We may assume that |Sing(div(σ|Xp))| = {x1, . . . , xl}. Then by
Lemma 6.2, we have
l = O(dn−1).
Moreover, for i ∈ {1, . . . , l}, div(σ1 + pσ2) is singular at xi if and only if the image of σ1 + pσ2 in
H0(x′i,L⊗d) is 0, where x′i is the first order infinitesimal neighbourhood of xi in Xp2 . Let mxi be the ideal
sheaf of xi in Xp2 . Then x′i is defined by the ideal sheaf m2xi. Now we have a right exact sequence of
sheaves OXp2
m2xi
⊗ L⊗d −→
OXp2
m2xi
⊗ L⊗d −→
OXp2
(mxi + pOXp2 )2
⊗ L⊗d −→ 0,
where the first morphism is the multiplication by p. Note that
mxi
m2xi
⊗L⊗d ⊂ OXp2
m2xi
⊗ L⊗d is contained in
the kernel of the second morphism, we obtain an exact sequence
OXp2
mxi
⊗ L⊗d −→
OXp2
m2xi
⊗ L⊗d −→
OXp2
(mxi + pOXp2 )2
⊗ L⊗d −→ 0.
Note that X is regular. The multiplication by p map
OXp2
m2xi
⊗ L⊗d −→
OXp2
m2xi
⊗ L⊗d
cannot be zero. So is
OX
p2
mxi
⊗L⊗d −→ OXp2
m2xi
⊗L⊗d. But if this morphism is not zero, it must be injective
as
OX
p2
mxi
⊗ L⊗d is in fact a sheaf supported on xi where its stalk is a κ(xi)-vector space of dimension 1.
Hence we get
0 −→
OXp2
mxi
⊗ L⊗d −→
OXp2
m2xi
⊗ L⊗d −→
OXp2
(mxi + pOXp2 )2
⊗ L⊗d −→ 0.
Since these sheaves are all supported on xi, this sequence induces the following exact sequence of groups
0 −→ H0(xi,L⊗d) −→ H0(x′i,L⊗d) −→ H0(x′i ∩ Xp,L⊗d) −→ 0.
It tells us that there is only one value of H0(xi,L⊗d) for σ2(xi) which makes dimκ(x) mdivσ,xm2divσ,x = n for
σ = σ1 + pσ2. Note that Lemma A.8 tells us that when d is large enough, for any x ∈ |Xp2 | verifying
deg x > ⌊d−NNn ⌋ and any value s ∈ H0(x,L⊗d), we have
#{σ ∈ H0(Xp,L⊗d) ; σ(x) = s}
#H0(Xp,L⊗d) ≤ p
1− dN .
Since ψd,p induces a bijection between E and H0(Xp,L⊗d), we have
#{σ ∈ Ed,p ; σ(x) = s} ≤ p1− dN ·#H0(Xp,L⊗d).
Therefore, when d is large enough, we have
#
{
σ ∈ H0(Xp2 ,L⊗d) ;
Sing(div(σ|Xp)) finite, ∃x ∈ |Xp2 |,
deg x > ⌊d−NNn ⌋, dimκ(x) mdivσ,xm2divσ,x = n
}
#H0(Xp2 ,L⊗d)
=
#
{
(σ1, σ2) ∈ Ed,p × Ed,p ;
Sing(div(σ1|Xp)) finite, ∃x ∈ |Xp2 |, deg x > ⌊d−NNn ⌋,
dimκ(x)
mdivσ,x
m2
divσ,x
= n, with σ = σ1 + pσ2
}
#H0(Xp2 ,L⊗d)
≤
#Ed,p ·
[
O(dn−1)p1−
d
N #H0(Xp,L⊗d)
]
#H0(Xp2 ,L⊗d)
= O(dn−1)p1−
d
N ≤ p−2.
This finishes the proof. 
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6.3. Proof of Theorem 1.4. Note that in Section 5 we have shown that the proportion of sections in
H0Ar(X ,L
⊗d
) whose divisor has no singular point of residual characteristic smaller than d
1
n+1 tends to
ζX (n+ 1)−1 already. Theorem 1.4 can be reduced to the following :
Proposition 6.4. Let X be a regular projective arithmetic variety of absolute dimension n, and let L be
an ample line bundle on X . Let ε > 0 be the constant defined in Proposition 6.1 and set
Qmd :=
{
σ ∈ H0Ar(X ,L
⊗d
) ;
divσ has a singular point of residual
characteristic between d
1
n+1 and eεd
}
.
When d is sufficiently large, we have
#Qmd
#H0Ar(X ,L
⊗d
)
= O(d−
1
n+1 ).
Here the constant involved in the big O depends only on X .
In particular, denoting Qm = ⋃d>0Qmd , we have
µ(Qm) = 0.
Proof. Since for any σ ∈ H0Ar(X ,L
⊗d
), divσ has a singular point on the fiber Xp implies σ mod p2 ∈ Qd,p2 ,
we have
#Qmd
#H0Ar(X ,L
⊗d
)
≤
∑
d
1
n+1≤p≤eεd
#{σ ∈ H0Ar(X ,L
⊗d
) ; σ mod p2 ∈ Qd,p2}
#H0Ar(X ,L
⊗d
)
.
As p ≥ d 1n+1 implies that p2 is odd, we can apply Proposition 2.5 to the case N = p2 and E = Qd,p2 , and
obtain that there exists a constant ε′ > 0 such that when d is large enough and p2 ≤ eε′d,
#{σ ∈ H0Ar(X ,L
⊗d
) ; σ mod p2 ∈ Qd,p2}
#H0Ar(X ,L
⊗d
)
≤ 4p−2rk(H0(X ,L⊗d)) ·#Qd,p2
= 4
#Qd,p2
#H0(XZ/p2Z,L⊗d)
.
Since X is a regular arithmetic variety, it is irreducible and generically smooth. So if d is large enough,
for any prime number p ≥ d 1n+1 , Xp is irreducible and smooth over Fp. Then Proposition 6.1 tells us that
there exists a constant c > 0 such that
#Qd,p2
#H0(XZ/p2Z,L⊗d)
≤ cp−2.
Therefore by setting ε = 12ε
′, we conclude with
#Qmd
#H0Ar(X ,L
⊗d
)
≤
∑
d
1
n+1≤p≤eεd
#{σ ∈ H0Ar(X ,L
⊗d
) ; σ mod p2 ∈ Qd,p2}
#H0Ar(X ,L
⊗d
)
≤
∑
d
1
n+1≤p≤eεd
4
#Qd,p2
#H0(XZ/p2Z,L⊗d)
≤
∑
d
1
n+1≤p≤eεd
4cp−2
= 4c

 ∑
d
1
n+1≤p≤∞
p−2


< 4cd−
1
n+1 ,
which is the statement of the proposition. 
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Proof of Theorem 1.4. Since PA ⊂ PB ⊂ PA ∪ Qm, we get that
|µ(PA)− µ(PB)| ≤ µ(Qm) = 0.
Therefore we have
µ(PA) = µ(PB) = ζX (1 + n)−1.
This finishes the proof. 
6.4. Proof of Corollary 1.6.
Proof. Let X be a regular projective arithmetic variety of dimension n, and let L be an ample line bundle
on X . By Proposition 2.1, there exists a positive constant ε0 such that for any large enough integer d,
H0(X ,L⊗d) has a basis consisting of sections with norm smaller than e−ε0d. Choose the constant c to
be a real number satisfying 1 < c < eε0 . For any R > 1, set L′ = (L, ‖·‖′) where ‖·‖′ = ‖·‖R−1. Since
(L, ‖·‖e−δ) is ample for any δ > 0, the hermitian line bundle L′ is also ample. Then by construction,
for any large enough integer d, H0(X ,L′⊗d) has a basis consisting of sections with norm smaller than
R−de−ε0d = e−(ε0+logR)d. Set ε = 12 log(cR). Then we have
ε =
1
2
(log c+ logR) <
1
2
(ε0 + logR),
and we can apply Theorem 1.4 to L′ with constant ε chosen as above. Then the density result is exactly
what we need to prove.

Appendix A. Bertini smoothness theorem over finite fields
In the Appendix, we prove a slightly generalized version of B. Poonen’s Bertini theorem over finite
fields. The precise statement is the following:
Theorem A.1. Let Fq be a finite field of characteristic p. Let Y be a projective scheme of dimension n
over Fq, and X a smooth subscheme of Y of dimension m. Let L be an ample line bundle on Y . Assume
that there exists a smooth open subscheme U in Y containing X. Set
Pd := {σ ∈ H0(Y,L⊗d) ; divσ ∩X is smooth of dimension m− 1}
and P = ⋃d≥0 Pd. We have
µ(P) = lim
d→∞
#Pd
#H0(Y,L⊗d) = ζX(m+ 1)
−1 > 0.
Here ζX is the zeta function
ζX(s) =
∏
x∈|X|
(1− q−s deg x)−1
Remark. If we take Y = PnFq , L = O(1), we get Poonen’s theorem.
Note that for a σ ∈ H0(Y,L⊗d), divσ ∩ X is smooth if and only if it is non-singular at every closed
point of divσ ∩ X . To prove this theorem, we class the closed points of X by their degree, so that for
each degree there exist only finitely many closed points. In Poonen’s proof, he classifies the closed points
into three parts for each L⊗d, which are the following: closed points of degree smaller than or equal to a
chosen positive integer r, closed points of degree between r and dm+1 , and closed points of degree bigger
than dm+1 . Then he estimates the number of sections in H
0(Y,L⊗d) whose divisor has singular points in
these parts, respectively.
Our proof follows his method in a faithful way. But we need more explicite bounds for bad sections, so
as to get the speed of convergence for the final limit. For technical reasons, we need the following result:
Lemma A.2. Let L be an ample line bundle on a projective scheme Y over a field k. Then there exists
a positive integer N such that
i) L⊗d is very ample for all d ≥ N ;
ii) for any a, b ≥ N , the natural morphism
H0(Y,L⊗a)⊗H0(Y,L⊗b) −→ H0(Y,L⊗(a+b))
is surjective.
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This is a classical result. The first statement is part of [La04, Theorem 1.2.6], and the second statement
can be deduced directly from [La04, Theorem 1.8.3].
We choose a positive integer r, an integer N satisfying this lemma and depending possibly on q, and
set
Pd,≤r = {σ ∈ H0(Y,L⊗d) ; ∀x ∈ X, deg x ≤ r, divσ ∩X is smooth of dimension m− 1 at x}
Qmedd,>r = {σ ∈ H0(Y,L⊗d) ; ∃x ∈ X, r < deg x ≤
d−N
(m+ 1)N
, divσ ∩X is singular at x}
Qhighd = {σ ∈ H0(Y,L⊗d) ; ∃x ∈ X, deg x >
d−N
(m+ 1)N
, divσ ∩X is singular at x}.
Then clearly
Pd ⊂ Pd,≤r ⊂ Pd ∪Qmedd,>r ∪Qhighd .
We give bound for the proportion of these three sets.
A.1. Singular points of small degree.
Lemma A.3. Let Y be a projective scheme over Fq, L an ample line bundle over Y . Let Z be a finite
sub-scheme of Y . Let N be a positive integer satisfying Lemma A.2. Then the restriction morphism
φd,Z : H
0(Y,L⊗d) −→ H0(Z,L⊗d)
is surjective for all d ≥ N(hZ + 1), where hZ = dimFq H0(Z,OZ).
Proof. If L is very ample, by [Po04, Lemma 2.1], φd,Z is surjective when d ≥ hZ − 1, and this lemma
is also true. When L is only ample, for any δ0 ≥ N , Lδ0 is very ample and φdδ0,Z is surjective for any
d ≥ hZ − 1. Now for any d ≥ N(hZ + 1), we can find sd ≥ hZ − 1 and N ≤ rd ≤ 2N such that
d = sdN + rd. By Lemma A.2, we have a surjection
H0(Y,L⊗sdN )⊗H0(Y,L⊗rd) −→ H0(Y,L⊗d).
Moreover, since Z is finite, for all d ≥ 0, we have H0(Z,L⊗d) ≃ H0(Z,OZ). These isomorphisms are not
canonical, but can give us an isomorphism
H0(Z,L⊗sdN )⊗H0(Z,OZ ) H0(Z,L⊗rd) −→ H0(Z,L⊗d)
which makes the following diagram commutative:
H0(Y,L⊗sdN )⊗ H0(Y,L⊗rd) // //

H0(Y,L⊗d)

H0(Z,L⊗sdN )⊗H0(Z,OZ) H0(Z,L⊗rd) ∼ // H0(Z,L⊗d)
Thus it suffices to show that the left vertical morphism is surjective. Since Y is projective, H0(Y,L⊗rd) is
of finite Fq-dimension. Let H0(Y,L⊗rd) =
⊕
i Fqti. As Lrd is very ample, it is globally generated. So for
each z ∈ |Z|, we can find one ti in the set of generators such that ti(z) 6= 0. Since surjectivity is stable
under field base change, replacing Fq by an algebraic field extension, we can assume that there exists a
linear combination t =
∑
i aiti such that t(z) 6= 0 for any z ∈ |Z|. Then we have
H0(Y,L⊗sdN )⊗ Fqt 

//


H0(Y,L⊗sdN )⊗H0(Y,L⊗rd)

H0(Z,L⊗sdN )⊗ Fqt|Z // H0(Z,L⊗sdN )⊗H0(Z,OZ) H0(Z,L⊗rd)
By our construction, the section t trivializes H0(Z,L⊗rd). So the bottom morphism is an isomorphism.
Hence the right vertical morphism is surjective. By the commutativity of the first diagram, the morphism
H0(Y,L⊗d) −→ H0(Z,L⊗d)
is also surjective, which is what we need to show. 
With this lemma, we can control the proportion of Pd,≤r.
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Proposition A.4. Let Y be a projective scheme of dimension n over Fq equipped with an ample line
bundle L. Let X be a subscheme of dimension m of Y smooth over Fq. Note
Pd,≤r = {σ ∈ H0(Y,L⊗d) ; ∀x ∈ X, deg x ≤ r, divσ ∩X is smooth of dimension m− 1 at x},
and P≤r =
⋃
d≥0 Pd,≤r We have
µ(P≤r) = lim
d→∞
#Pd,≤r
#H0(Y,L⊗d) =
∏
degx≤r
(
1− q−(m+1) degx
)
In fact, with a positive integer N satisfying Lemma A.2, for any d ≥ N(1 +∑degx≤r(1 +m) deg x), we
have
#Pd,≤r
#H0(Y,L⊗d) =
∏
deg x≤r
(
1− q−(m+1) deg x
)
.
Proof. For any closed point x of X , let x′ be the closed subscheme in X defined by m2x, where mx is the
ideal sheaf of x in X . Then x′ is the first order infinitesimal neighbourhood of x in X . Let X ′≤r be the
union of the closed subschemes x′ for all x ∈ X with deg x ≤ r. Note that the number of closed points
of X with degree smaller than or equal to r is finite. This union is a disjoint finite union. So X ′≤r is a
finite subscheme of X defined by the ideal sheaf
∏
deg x≤r m
2
x. Hence
H0(X ′≤r,OX′≤r ) = H0(X ′≤r,
∏
degx≤r
Ox′) =
∏
degx≤r
H0(Y,OX/m2x).
Since X is smooth over Fq, for any closed point x, we have
dimκ(x)H
0(Y,mx/m
2
x) = m.
Hence
dimFq H
0(Y,OX/m2x) = (1 +m) deg x,
and we have
dimFq H
0(X ′≤r,OX′≤r ) =
∑
deg x≤r
(1 +m) deg x
Apply Lemma A.3 to the case Z = X ′≤r. We get that the morphism
H0(Y,L⊗d) −→ H0(X ′≤r,L⊗d)
is surjective if d ≥ N(1 +∑degx≤r(1 +m) deg x).
Note that the divisor divσ of a section σ ∈ H0(Y,L⊗d) is singular at a closed point x ∈ X if and only
if the image of σ in H0(x′,L⊗d) by the restriction map
H0(Y,L⊗d) −→ H0(x′,L⊗d)
is zero. So divσ has no singular point of degree smaller than or equal to r if and only if its restriction
to H0(X ′≤r,OX′≤r ) ≃
∏
deg x≤r H
0(x′,L⊗d) lies in the subset ∏degx≤r (H0(x′,L⊗d)− {0}). So for any
d ≥ N(1 +∑deg x≤r(1 +m) deg x),
#Pd,≤r
#H0(Y,L⊗d) =
#
∏
degx≤r
(
H0(X,OX/m2x)− {0}
)
#
∏
degx≤r H0(X,OX/m2x)
=
∏
degx≤r
(
q(m+1) degx − 1)∏
deg x≤r q(m+1) deg x
=
∏
degx≤r
(
1− q−(m+1) degx
)
.
This shows the result. 
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A.2. Singular points of medium degree.
Lemma A.5. Let Y be a projective scheme over Fq of dimension n and X a smooth subscheme of Y of
dimension m. Let L be an ample line bundle of Y . Let N be a positive integer verifying Lemma A.2. For
a fixed d, let x ∈ X be a closed point of X of degree e such that
e ≤ ⌊ d−N
N(m+ 1)
⌋.
Then the proportion of σ ∈ H0(Y,L⊗d) such that divσ ∩ X is not smooth of dimension m − 1 at x is
q−(m+1)e.
Proof. Let x′ be the first order infinitesimal neighbourhood of x in X . Apply Lemma A.3 to the case
Z = x′. We obtain that the restriction map
H0(Y,L⊗d) −→ H0(x′,L⊗d)
is surjective when
N
(
h0(x′,L⊗d) + 1) = N((m+ 1) deg x+ 1) ≤ d,
that is, when
deg x ≤ ⌊ d−N
N(m+ 1)
⌋.
Since a section σ ∈ H0(Y,L⊗d) is such that divσ ∩ X is singular at x if and only if the image of σ in
H0(x′,L⊗d) is 0. Hence when the degree condition for x is satisfied, the proportion of such sections is
equal to
1
#H0(x′,L⊗d) = q
−(m+1)e,
Thus we get the result. 
Proposition A.6. Let Y be a projective scheme over Fq of dimension n and X a smooth subscheme of
Y of dimension m. Let L be an ample line bundle of Y . Let N be a positive integer verifying Lemma
A.2. Set
Qmedd,>r = {σ ∈ H0(Y,L⊗d) ; ∃x ∈ X, r < deg x ≤
d−N
(m+ 1)N
, divσ ∩X is singular at x}.
Then there exists a constant c0 such that
#Qmedd,>r
#H0(Y,L⊗d) ≤ 2c0q
−r.
In particular,
µ(Qmedd,>r) ≤ 2c0q−r.
Proof. Identifying Y to a closed subscheme of a projective space, we can see X as a subscheme of the
same projective space. By [LW54], we can find a constant c0 > 0 such that for any e ≥ 1,
#X(Fqe) ≤ c0qme.
Let N be the positive integer as in the previous lemma. Then the lemma tells us that if x ∈ X is a closed
point of degree e ≤ ⌊ d−N(m+1)N ⌋, the proportion of sections σ ∈ H0(Y,L⊗d) such that divσ ∩X is singular
at x is q−(m+1)e. Therefore we have
#Qmedd,>r
#H0(Y,L⊗d)
≤
⌊ d−Nm+1 ⌋∑
e=r+1
[
#X(Fqe)−#X(Fqe−1)
] · q−(m+1)e
<
∞∑
e=r
#X(Fqe)q
−(m+1)e
≤
∞∑
e=r
c0q
em · q−(m+1)e =
∞∑
e=r
c0q
−e =
c0q
−r
1− q−1 .
Since q ≥ 2, we have 1 − q−1 ≥ 12 and c0q
−r
1−q−1 ≤ 2c0q−r. Hence we get µ(Qmedd,>r) ≤ 2c0q−r. This implies
our result. 
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A.3. Singular points of high degree.
Lemma A.7. Let Y be a projective scheme over Fq of dimension n. Let Z be a finite closed subscheme
of Y whose support is included in the smooth locus of Y . Let L be an ample line bundle over Y and let
N be a positive integer satisfying Lemma A.2. After replacing Fq by a finite extension of Fq if needed,
we can find a linear subspace V ⊂ H0(Y,LN ) of dimension n+ 1 such that the rational map
ϕ : Y 99K P(V ∨),
with V ∨ the dual space of V , is dominant, and that ϕ induces a closed embedding of Z in P(V ∨).
Proof. We may assume that |Z| = {z1, . . . , zl}. It suffices to find a linear subspace V ⊂ H0(Y,LN ) of
dimension n+ 1 such that the induced rational map
ϕ : Y 99K P(V ∨)
is defined and étale on a neighbourhood of Z in Y , and satisfies the condition that ϕ(zi) 6= ϕ(zj) for any
zi 6= zj ∈ |Z|.
Since L⊗N is very ample on Y , we can first embeds Y in PK = P(H0(Y,L⊗N )∨). Replacing Fq by a
larger finite field if needed, we can find a section s ∈ H0(Y,L⊗N ) which is non-zero at any point of |Z|.
Note U1 := Y − divs. the embedding of Y in PK induces an embedding of U1 in AK . The hyperplan
PK − AK is defined by the section s ∈ H0(PK ,O(1)) = H0(Y,L⊗N ). Moreover, the scheme Z, being a
closed subscheme of U1, is also embedded in AK . To finish the proof, we only need to find a projection
AK → An which is étale when restricted to a neighbourhood of Z in U1 and injective when restricted
to Z. In fact, we show that a general projection satisfies these two conditions. Here general means all
projections AK → An contained in a non-empty open subsheme of Gr(n,K), which is the moduli space
of such projections.
For a general projection AK → An, the composition ϕ : U1 → AK → An is étale on a neighbourhood
of Z in U1. To see this, we show that for a general projection AK → An, ϕ : U1 → AK → An is étale at
any point of Z. For zi ∈ Z, the exact sequence
0 −→ CU1/AK ,zi −→ ΩAK ,zi −→ ΩU1,zi −→ 0
splits, and ΩU1,zi is free of rank n by hypothesis. Therefore for any projection A
K → An, the composition
ϕ : U1 → AK → An induces a morphism on differential sheaves
ΩAn,ϕ(zi) −→ ΩAK ,zi −→ ΩU1,zi.
By the Jacobian criterion, a general projection AK → An induces an isomorphism
ΩAn,ϕ(zi)
∼−→ ΩU1,zi .
As Z is a finite scheme, a general projection AK → An is étale at any point of Z. Moreover, if a
AK → An sends two different points zi, zj of Z to the same point, then it contracts the A1 containing
zi, zj. Projections contracting a certain fixed line is contained in a strictly closed subscheme of the moduli
space of projections AK → An. Thus a general projection do not contract this line. Since Z is finite, there
are only finitely many lines in AK joining two of points in Z. Therefore a general projection AK → An
sends the set of points |Z| injectively to An, hence injective when restricted to Z. Such a projection
induces a rational map PK 99K Pn, which shows our result.

Lemma A.8. Let Y, Z,L, N be as in the above lemma. Set hZ = dimFq H0(Z,OZ).Then for any d > 2N
the proportion of global sections σ ∈ H0(Y,L⊗d) which are sent to 0 by the restriction morphism
H0(Y.L⊗d) −→ H0(Z,L⊗d)
is at most q−min(⌊
d
N ⌋,hZ).
Proof. By the previous lemma, we can find a finite extension F of Fq and a subspace V ⊂ H0(YF,L⊗N )
of dimension n+ 1 which induces a dominant rational map
ϕ : YF 99K P(V
∨)
such that ϕ|ZF is injective. Now we use this rational map to show that
dimF Im
(
H0(YF,L⊗d) −→ H0(ZF,L⊗d)
) ≥ min(⌊ d
N
⌋, hZ).
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As the dimension of the image is invariant under field base change, we then get
dimFq Im
(
H0(Y,L⊗d) −→ H0(Z,L⊗d)) ≥ min(⌊ d
N
⌋, hZ).
Let (σ0, . . . , σn) be a base of V and H0 = divσ0 in YF. The sections σi can also be regarded as
global sections of O(1) on P(V ∨). This way we can identify P(V ∨) − divσ0 with An with coordinates
x1 =
σ1
σ0
, . . . , xn =
σn
σ0
. Then the rational map ϕ can be represented by a morphism
ϕ : YF −H0 −→ An.
Moreover, we can assume that ZF is a closed subscheme of YF −H0.
For all r > 0 with (r + 1)N < d, the sheaf L⊗d ⊗ O(−rH0) ≃ L⊗(d−rN) is very ample on YF. So we
can find a section σH0 ∈ H0(YF,L⊗d) which vanishes of order r along H0 but does not vanish identically
on YF. Let P ∈ F[x1, . . . , xn] be a polynomial of total order smaller than or equal to r. Then the section
ϕ∗(P ) ·σH0 ∈ H0(YF−H0,L⊗d) extends to a global section on YF. As ϕ is dominant, linearly independent
polynomials of degree smaller than or equal to r induce linearly independent sections in H0(YF−H0,L⊗d),
hence in H0(YF,L⊗d). Thus we get a injective homomorphism
F[x1, . . . , xn]
≤r −֒→ H0(YF,L⊗d).
Moreover, we can choose an isomorphism H0(ZF,L⊗d) ∼→ H0(ZF,OZF) so that the following diagram
commutes:
F[x1, . . . , xn]
≤r   //

H0(YF,L⊗d)

H0(ϕ(ZF),Oϕ(ZF))
∼
&&▼
▼▼
▼▼
▼▼
▼▼
▼
H0(ZF,L⊗d)
∼
zz✉✉
✉✉
✉✉
✉✉
✉
H0(ZF,OZF).
Then we have
dimF Im
(
H0(YF,L⊗d) −→ H0(ZF,L⊗d)
)
≥ dimF Im
(
F[x1, . . . , xn]
≤r −→ H0(ϕ(ZF),Oϕ(ZF))
)
≥ min(hZ , r + 1) = min(hZ , ⌊ d
N
⌋),
where the last inequality follows from Lemma 2.5 of [Po04]. This induces, as said above, that
dimFq Im
(
H0(Y,L⊗d) −→ H0(Z,L⊗d)) ≥ min(⌊ d
N
⌋, hZ).
Therefore the proportion of global sections σ ∈ H0(Y,L⊗d) which are sent to 0 by the restriction morphism
H0(Y.L⊗d) −→ H0(Z,L⊗d) is at most q−min(⌊ dN ⌋,hZ). 
Proposition A.9. Let Fq be a finite field of characteristic p. Let Y be a projective scheme of dimension
n over Fq, and X a smooth subscheme of Y of dimension m. Assume that there exists a smooth open
subscheme U in Y containing X. Let L be an ample line bundle on Y , and let N be a sufficiently large
integer. Set
Qhighd = {σ ∈ H0(Y,L⊗d) ; ∃x ∈ X, deg x >
d−N
(m+ 1)N
, divσ ∩X is singular at x}
and Qhigh = ⋃d≥0Qhighd . There exists a constant c > 0 independent of d, q such that
#Qhighd
#H0(Y,L⊗d) = O(d
m · q−c dp ),
the constant involved is independent of d, q. In particular,
µ(Qhigh) = lim sup
d→∞
#Qhighd
#H0(Y,L⊗d) = 0.
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We need some reduction before proving this proposition.
1. If {Uα}α∈I is a finite open covering of U , then X =
⋃
α∈I X ∩ Uα. If the proposition is true for
all X ∩ Uα, then it is also true for X . Thus we may replace X by one of the X ∩ Uα. In particular, we
may assume that the smooth open subscheme U containing X in the statement satisfies the following
condition: there exist t1, . . . , tn ∈ H0(U,OY ) such that X is defined by tm+1 = · · · = tn = 0, and that
Ω1U/Fq ≃
n⊕
i=1
OUdti, Ω1X/Fq ≃
m⊕
i=1
OXdti.
2. Note D = Y − U , and ID its ideal sheaf on Y . Let N0 be an integer satisfying Lemma A.2 and
that ID ⊗ L⊗d is globally generated for all d ≥ N0. Then in particular we can find sections τ1, . . . , τs ∈
H0(Y, ID ⊗ L⊗N0) ⊂ H0(Y,L⊗N0) such that D =
⋂s
j=1 div(τj). Hence U =
⋃s
j=1(Y − div(τj)). By re-
stricting to a smaller U , we may assume that there exists τ ∈ H0(Y,L⊗(N0+1)) such that U = Y −div(τ).
We note Uj the open subscheme Y − div(τj), for 1 ≤ j ≤ s.
For any d > 0 and any 1 ≤ j ≤ s, consider the morphism
Φj : H
0(Y,L⊗d) −→ H0(U,OY )
σ 7−→ σ · τ
d
j
τd
.
For simplicity of notations, we dont distinguish morphisms Φj for different d. This will not cause any
confusion as the source of Φj will be clear by the context. Then for any σ ∈ H0(Y,L⊗d), we have
divσ ∩ U =
⋂
1≤j≤s
divΦj(σ).
Let ∂i ∈ DerFq (OU ,OU ) ≃ HomOU (Ω1U/Fq ,OU ) be the dual of ti ∈ H0(U,Ω1U/Fq). Then a global section
σ ∈ H0(Y,L⊗d) is such that divσ is singular at a closed point x ∈ X if and only if for a Uj containing x,
we have
Φj(σ)(x) = (∂1Φj(σ)) (x) = · · · = (∂mΦj(σ)) (x) = 0.
Lemma A.10. There exists a positive integer N1 such that for any σ ∈ H0(Y,L⊗d), any 1 ≤ i ≤ m, the
section (∂iΦj(σ)) · τd+δ extends to a global section of L⊗(N0+1)(d+δ) for any δ ≥ N1.
Proof. We may assume that Y is irreducible. We can identify L as a subscheme of the constant sheaf
K(Y ) on Y with coefficient K(Y ) the function field of Y .
Let N1 be such that tiτN1 extends to a global section on Y for any 1 ≤ i ≤ m. We show that
this N1 satisfies the condition in the lemma. By construction, divτ =
∑
β aβZβ where Z =
⋃
β Zβ is
a decomposition of Z into prime divisors and ai positive integers. Let a = maxβ(aβ). Then for any
f ∈ H0(U,OY ), fτd extends to a global section if and only if the divisor
div(fτd) = divf + d
∑
β
aβZβ
is effective. Since ∂i’s are defined on H0(U,OY ) and that K(Y ) = Frac
(
H0(U,OY )
)
, we can extend the
∂i to the derivations
∂i : K(Y ) −→ K(Y ).
As the divisor div ti + N1
∑
β aβZβ is effective, ti has at most a pole of order aβN1 along Zβ. So if
f ∈ H0(U,OY ) is such that Zβ is a pole of order k, then Zβ is a pole of order at most k + aβN1 of ∂if .
Moreover, the poles of ∂if are supported by Z. For σ ∈ H0(Xp,L⊗d) and any 1 ≤ j ≤ s, Φj(σ) is a
section such that Φj(σ) · τd extends globally. This means that if Zβ is a pole of Φj(σ), it is of order at
most aβd, and thus it is a pole of order at most aβ(d + N1) of ∂iΦj(σ) for any 1 ≤ i ≤ m. Therefore
(∂iΦj(σ)) · τd+δ0 extends to a global section of L⊗(N0+1)(d+δ) for any δ ≥ N1. 
Now we assume that p is the characteristic of Fq and that (N0 + 1, p) = 1. Take an integer N ≥
(N0 + 1)(N1 + p− 1) + p. For any d ≥ N , there exists a N1 ≤ ld ≤ N1 + p such that
d mod p ≡ (N0 + 1)ld mod p.
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Note kd = 1p [d − (N0 + 1)ld]. Then for any d ≥ N , fixing extensions of tiτ ld to global sections for all
1 ≤ i ≤ m, we can construct morphisms of groups
H0(Y,Lkd) −→ H0(Y,Ld)
β 7−→ βp · tiτ ld
for any 1 ≤ i ≤ m, and
H0(Y,Lkd) −→ H0(Y,Ld)
γ 7−→ γp · τ ld .
We construct a surjective morphism
H0(Y,L⊗d)×
(
m∏
i=1
H0(Y,L⊗kd)
)
×H0(Y,Lkd) −→ H0(Y,L⊗d)
which sends (σ0, (β1, . . . , βm), γ) to
σ = σ0 +
m∑
i=1
βpi tiτ
ld + γpτ ld
Naturally, this morphism commutes with all Φj :
Φj(σ) = Φj(σ0) +
m∑
i=1
Φj(βi)
ptiΦj(τ)
ld +Φj(γ)
pΦj(τ)
ld .
Since
∂i[Φj(βi)
ptiΦj(τ)
ld ] = Φj(βi)
pΦj(τ)
ld + ldΦj(βi)
ptiΦj(τ)
ld−1 · ∂iΦj(τ),
and for i′ 6= i,
∂i[Φj(βi′ )
pti′Φj(τ)
ld ] = ldΦj(βi′)
pti′Φj(τ)
ld−1 · ∂iΦj(τ),
the differential of Φj(σ) can be written as
∂iΦj(σ) =
[
m∑
i′=1
ldΦj(βi′)
pti′Φj(τ)
ld−1 + ldΦj(γ)pΦj(τ)ld−1
]
· ∂iΦj(τ)
+∂iΦj(σ0) + Φj(βi)
pΦj(τ)
ld
= ∂iΦj(σ0) +
ld(Φj(σ)− Φj(σ0))
Φj(τ)
∂iΦj(τ) + Φj(βi)
pΦj(τ)
ld
To prove Proposition A.9, for a section σ ∈ H0(Y,L⊗d), we need to study the singular locus of divσ ∩X .
Since
divσ ∩ U =
⋃
1≤j≤s
(
Uj ∩ divΦj(σ)
)
,
and X ⊂ U , we have
Sing(divσ ∩X) ⊂
⋃
1≤j≤s
(
Uj ∩ Sing(div(Φj(σ)) ∩X)
)
for any 1 ≤ j ≤ s. Note that for a σ ∈ H0(Y,OY ), div(Φj(σ)) ∩ X is singular at a point x ∈ X if and
only if
Φj(σ)(x) = ∂1Φj(σ)(x) = · · · = ∂mΦj(σ)(x) = 0
by conditions on ∂i, 1 ≤ i ≤ n. Therefore we have
Sing(div(Φj(σ)) ∩X) = div(Φj(σ)) ∩ div(∂1Φj(σ)) ∩ · · · ∩ div(∂mΦj(σ))
in U .
Now for any (σ0, (β1, . . . , βm), γ) ∈ H0(Y,L⊗d)×
(∏m
i=1 H
0(Y,L⊗kd))×H0(Y,Lkd), set
gj,i(σ0, βi) = ∂iΦj(σ0)− ldΦj(σ0)
Φj(τ)
∂iΦj(τ) + Φj(βi)
pΦj(τ)
ld ,
and
Wj,i := X ∩ Uj ∩ {gj,1 = · · · = gj,i = 0}.
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Then for any σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p, comparing the expressions of gj,i and ∂iΦj we have
gj,i(σ0, βi)|div Φj(σ) = ∂iΦj(σ)|div Φj(σ).
Moreover, any section gj,i(σ0, βi) · τd+δ ∈ H0(U,L⊗(N0+1)(d+δ)) can be extended to a global section in
H0(Y,L⊗(N0+1)(d+δ)) for any δ ≥ N1.
Lemma A.11. For 0 ≤ i ≤ m− 1, with a fixed choice of σ0, β1, . . . , βi such that dimWj,i ≤ m − i, the
proportion of βi+1 in H
0(Y,L⊗kd) such that dimWj,i+1 ≤ m− i− 1 is 1−O(di · q−
d
N1p(N0+1) ), where p is
the characteristic of Fq and the constant involved is independent of d, q.
Proof. Let V1, . . . Vs be the (m−i)-dimensional Fq-irreducible components of the reduced scheme (Wj.i)red.
The closure of the Vi’s in Y are contained in the set of (m − i)-dimensional Fq-irreducible compo-
nents of X ∩ div gj,1τd+N1 ∩ · · · ∩ div gj,iτd+N1 . Since the sections gj,lτd+N1 are global sections of
H0(Y,L⊗(N0+1)(d+N2)), and that L⊗(N0+1) induces a closed embedding of Y into P(H0(Y,L⊗(N0+1))∨),
the sections gj,lτd+N1 can be extended uniquely to sections of H0(P(H0(Y,L⊗(N0+1))∨),O(d+N1)). Ap-
plying refined Bézout’s theorem (see [Fu84, Theorem 12.3] for a precise statement), we get
s ≤ (degX)(deg gj,1τd+N1) · · · (deg gj,iτd+N1) = (degX)(d+N1)i = O(di),
where coefficients involved in O(di) is independent of q. Since for 1 ≤ e ≤ s we have dimVe ≥ 1, so for
each Ve there exists a ti such that ti|Ve is not constant. We want to bound
Gbade,j := {βi+1 ∈ H0(Y,L⊗kd) ; gj,i+1(σ0, βi+1) is identically 0 on Ve}.
Note that if βi+1, β′i+1 ∈ Gbade,j , then βi+1 − β′i+1 is identically 0 on Ve. In fact, as on Ve
gj,i+1(σ0, βi+1)− gj,i+1(σ0, β′i+1)
= Φj(βi+1)
pΦj(τ)
ld − Φj(β′i+1)pΦj(τ)ld
= Φj(βi+1 − β′i+1)pΦj(τ)ld ,
and Φj(τ) is everywhere non-zero, we have that if Gbade,j 6= ∅, then it is a coset of the subspace of sections
of H0(Y,L⊗kd) which vanishes on Ve. When d is large, we can decompose kd by kd = kd,1(N0+1)+kd,2N0
with kd,1, kd,2 ≥ 0 and kd,2 minimal among all the decompositions. Then the sections
τkd,1τ
kd,2
j , tiτ
kd,1τ
kd,2
j , . . . , t
⌊ kd,1N1 ⌋
i τ
kd,1τ
kd,2
j ∈ H0(Y,L⊗kd)
restricting to Ve are linearly independent. So the codimension of the subspace of scections in H0(Y,L⊗kd)
vanishing on Ve is bigger than or equal to ⌊kd,1N1 ⌋ + 1 = ⌈
kd,1
N1
⌉. This implies that the probability that
gj,i+1 vanishes on one of the Ve’s is at most
s · q−⌈
kd,1
N1
⌉
= O(diq
− kd
N1(N0+1) ) = O(diq
− d
N1p(N0+1) ),
where the constant involved in is independent of d and q. Since dimWj,i+1 ≤ m − i − 1 is 1 − O(di ·
q
− d
N1p(N0+1) ) if and only if gj,i+1 does not vanishing on any Ve, we get the result. 
Lemma A.12. With a fixed choice of σ0, β1, . . . , βm such that Wj,m is finite, we have for d sufficiently
large, the proportion of γ in H0(Y,L⊗kd) such that
divσ ∩Wj,m ∩ {x ∈ |X | ; deg x > d−N
(m+ 1)N
} = ∅
is
1−O(dmq− d−N(m+1)N ),
where σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p and the constant involved is independent of d, q.
Proof. Applying once more Bézout’s theorem, we obtain that
#Wj,m = O(d
m)
with constant involved independent of q. For any x ∈ Wj,m, the set Hbad of sections γ ∈ H0(Y,L⊗kd)
such that x is contained in divσ with σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p is a coset of
Ker
(
evx ◦ Φj : H0(Y,L⊗kd)→ κ(x)
)
,
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where κ(x) is the residual field of x and evx is the evaluation at x. If moreover we have deg x > d−N(m+1)N ,
Lemma A.8 tells us that
#Hbad
#H0(Y,L⊗kd) ≤ q
−min(⌊ kdN0 ⌋,
d−N
(m+1)N
)
.
Thus when d tends to infinity, the proportion of sections γ ∈ H0(Y,L⊗kd) such that for σ = σ0 +∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p,
divσ ∩Wj,m ∩ {x ∈ |X | ; deg x > d−N
(m+ 1)N
} 6= ∅,
is bounded above by
#Wj,m · q−min(⌊
kd
N0
⌋, d−N(m+1)N ) = O(dmq−min(⌊
kd
N0
⌋, d−N(m+1)N )),
where the constant involved is independent of d, q. Since kd = 1p [d− (N0 + 1)ld] with N1 ≤ ld ≤ N1 + p,
we have kd ≥ 1p [d− (N0 + 1)(N1 + p)]. Then
⌊ kd
N0
⌋ ≥ d− (N0 + 1)(N1 + p)
N0p
− 1 ≥ d− (N0 + 1)(N1 + 2p)
N0p
≥ d
2N0p
for large d. However, since N ≥ (N0 + 1)(N1 + p− 1) + p, we have
d−N
(m+ 1)N
≤ d
(m+ 1)(N0 + 1)(N1 + p− 1) + p ≤
d
2(N0 + 1)(N1 + p− 1) .
When d is large, clearly
d
2(N0 + 1)(N1 + p− 1) ≤
d
2N0p
.
Therefore ⌊ kdN0 ⌋ ≥ d−N(m+1)N , and the proportion of sections γ ∈ H0(Y,L⊗kd) such that for σ = σ0 +∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p,
divσ ∩Wj,m ∩ {x ∈ |X | ; deg x > d−N
(m+ 1)N
} = ∅,
is
1−O(dmq− d−N(m+1)N ),
where the constant involved is independent of d, q. 
Proof of Proposition A.9. Choose
(σ0, (β1, . . . , βm), γ) ∈ H0(Y,L⊗d)×
(
m∏
i=1
H0(Y,L⊗kd)
)
×H0(Y,Lkd)
uniformly at random. Lemma A.11 and A.12 show that as d→∞, writing
σ = σ0 +
n−1∑
i=1
βpi tiτ
ld
0,p + γ
pτ ld0,p,
the proportion of (σ0, (β1, . . . , βm), γ) such that
dimWj,i = m− i, 0 ≤ i ≤ m
and
divσ ∩Wj,m ∩
{
x ∈ |X | ; deg x > d−N
(m+ 1)N
}
= ∅,
is [
m−1∏
i=0
(
1−O(di · q− dN1p(N0+1) )
)]
·
(
1−O(dmq− d−N(m+1)N )
)
=
(
1−O(dm−1 · q− dN1p(N0+1) )
)
·
(
1−O(dmq− d−N(m+1)N )
)
.
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Since for d large,
d−N
(m+ 1)N
≤ d
(m+ 1)N
≤ d
(m+ 1)(N0 + 1)(N1 + p− 1)
≤ d
N0p
and clearly dN1p(N0+1) ≤ dN0p , the probability above can be written as
(1−O(dm−1 · q− dN0p ) · (1 −O(dm · q− dN0p ) = 1−O(dm · q− dN0p ).
On the other hand, for σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p, as
gj,i(σ0, βi)|div Φj(σ) = ∂iΦj(σ)|div Φj(σ),
we have
Sing(div(Φj(σ)) ∩X) ∩ Uj
= div(Φj(σ)) ∩ Uj ∩ {∂1Φj(σ) = · · · = ∂mΦj(σ) = 0}
= div(Φj(σ)) ∩ Uj ∩ {gj,1(σ0, β1) = · · · = gj,m(σ0, βm) = 0}
= div(Φj(σ)) ∩Wj,m.
Since σ = σ0 +
∑n−1
i=1 β
p
i tiτ
ld
0,p + γ
pτ ld0,p defines a surjective homomorphism of groups
H0(Y,L⊗d)×
(
m∏
i=1
H0(Y,L⊗kd)
)
×H0(Y,Lkd) −→ H0(Y,L⊗d),
we obtain that when d→∞, the proportion of σ ∈ H0(Y,L⊗d) such that
Sing (div(Φj(σ)) ∩X) ∩ Uj ∩
{
x ∈ |X | ; deg x > d−N
(m+ 1)N
}
= ∅
is
1−O(dm · q− dN0p ).
Since
Sing(divσ ∩X) ⊂
⋃
j
(
Uj ∩ Sing(div(Φj(σ)) ∩X)
)
,
setting c = 1N0 , we proved the proposition. 
Corollary A.13. In the same setting as in Proposition A.9, there exists a constant c > 0 independent
of d, q such that
#{σ ∈ H0(Y,L⊗d) ; dim
(
Sing
(
divσ ∩X
))
> 0}
#H0(Y,L⊗d) = O(d
m · q−c dp ),
the constant involved is independent of d, q.
Proof. This follows directly frome Proposition A.9 once we notice that{
σ ∈ H0(Y,L⊗d) ; dim (Sing(divσ ∩X)) > 0} ⊂ Qhighd

A.4. Proof of Bertini smoothness theorem over finite fields.
Proof of Theorem A.1. The zeta function ζX(s) is convergent for s > dimX . So in particular ζX(m +
1)−1 =
∏
x∈|X|(1− q−(m+1) degx) is convergent. By Proposition A.4,
lim
r→∞
µ(P≤r) = ζX(m+ 1)−1.
On the other hand, by construction of Pd,≤r,Qmedd,>r,Qhighd , we have
Pd ⊂ Pd,≤r ⊂ Pd ∪Qmedd,>r ∪ Qhighd .
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Hence ∣∣∣∣ #Pd#H0(Y,L⊗d) − #Pd,≤r#H0(Y,L⊗d)
∣∣∣∣ ≤ #Q
med
d,>r
#H0(Y,L⊗d) +
#Qhighd
#H0(Y,L⊗d) .
When d→∞, by Proposition A.6 and A.9 we have
#Qmedd,>r
#H0(Y,L⊗d) +
#Qhighd
#H0(Y,L⊗d) = O(q
−r) +O(dm · q−c dp ).
Hence µ(P) and µ(P) differ from µ(P≤r) by at most µ(Qmed>r ) + µ(Qhighd ) = O(q−r). So letting r tend to
∞, we get
µ(P) = lim
r→∞µ(P≤r) = ζX(m+ 1)
−1.

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